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Preface

We wrote this book of problems and solutions having in mind the undergraduate
student—sophomore, junior, or senior—who may want to work on more problems
and receive immediate feedback while studying. The authors strongly recommend
the textbook by David J Griffiths, Introduction to Electrodynamics, as a first source
manual, since it is recognized as one of the best books on electrodynamics at the
undergraduate level. We consider this book of problems and solutions a companion
volume for the student who would like to work on more electrostatic problems by
herself/himself in order to deepen their understanding and problems solving skills.
We add brief theoretical notes and formulae; for a complete theoretical approach we
suggest Griffiths’ book. Every chapter is organized as follows: brief theoretical notes
followed by the problem text with the solution. Each chapter ends with a brief
bibliography.

We plan to write a second volume on electrodynamics, which will start with
Maxwell’s equations and the conservation laws, and then discuss electromagnetic
(EM) waves, potentials and fields, radiation, and relativistic electrodynamics.

We follow here the notation of Griffiths, and use 7 for the vector from a source

point 7' to the field point 7. Please note that 7 = % = l?—?' and, as you see, this

notation already greatly simplifies complex equations, but ylou need to be careful
with your notation, in particular if you only use cursive or typed letters. Also, we use
the same notation s for the distance to the z-axis in cylindrical coordinates as is used
in Griffiths’ book.

The chosen units are SI units—the international system. The reader should be
aware that other books may employ either the Gaussian system (CGS) or the
Heaviside-Lorentz (HL) system. The Coulomb force in each of the systems is as
follows,

SI system:
Fo_ L 9%,
471'80 7"2
CGS:
F=dh
72
HL:
P 1 99, ,
4z 772

Some of the problems are typical practice problems with the pedagogical role of
improving understanding and problem solving skills. Several of the problems
presented here appear in a variety of undergraduate textbooks on EM as they are
classic examples; however, we felt it would be incomplete to omit these problems as



Electromagnetism

they are fundamental to the study of EM. We also present problems that are more
general in nature, which may be a bit more challenging. We tried to maintain a
balance between the two types of problems, and we hope that the readers will enjoy
this variation and have as much thrill and excitement as we had while creating and
solving these problems.

X1
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Chapter 1

Mathematical techniques

There are a variety of mathematical techniques required to solve problems in
electromagnetism. The aim of this chapter is to provide problems that will build
confidence in these techniques. Concepts from vector calculus and curvilinear
coordinate systems are the primary focus.

1.1 Theory

1.1.1 Dot and cross product
Given vectors 4 = A4,.£ + A,y + A.Z and B=B£+ By + B:Z

-

A-B=AB,+ AB,+ A.B. = AB cos 0

£ P 2
AxB=|4 A4, A with|/f><§‘=ABsin9
B. B, B.

where 4 = |A| = |42 + Af +A2,B=|B| = (B’ + By2 + B2, and @ is the angle

between 4 and B.

1.1.2 Separation vector

This notation is outlined by David J Griffiths in his book Introduction to
Electrodynamics (1999, 2013). Given a source point 7’ and field point 7, the
separation vector points from 7’ to ¥ and is given by

F=F—F=@Cx-x)%+0-y)+c-2)2

doi:10.1088/978-1-6817-4429-2chl 1-1 © Morgan & Claypool Publishers 2016
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and the unit vector pointing from 7’ to 7 is

-7 (x=xX)+ -y +(-2)2

_ 7" \/(X _ x/)Z + (y _ yr)Z + (Z _ Z/)Z

As explained by Griffiths, this notation greatly simplifies later equations.

. 7T
7":—:_’
v |7

1.1.3 Transformation matrix

Given vector 4 = A, % + A,p + A.£ in coordinate system K, the components of Ain
coordinate system K’ are determined by rotational matrix R given by

Rxx ny sz
R=|Ry Ry Ry
sz Rzy Rzz

with

Ay
=R|4,|.

A:

R N

1.1.4 Gradient

Given a scalar function 7', the gradients for various coordinate systems are given below.

Cartesian
VT = Eﬁ + gﬁ + gf
ox ay 0z
Cylindrical
vr=254 lg(f; Lo,
os s o 0z
Spherical

oT, 10T 4 1 oT .
= —7 4+ —

vT 7 —0 + ——
or r 00 r sin @ d¢

1.1.5 Divergence

Given vector function ¥, the divergences for various coordinate systems are given
below.

Cartesian
avx avy avz
ox ay 0z

V7=

1-2
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Cylindrical
d
% v=li( ) L%, O
s 0 op oz
Spherical
1 o
V.V= ——(r2 ,) + 9 (sm@ Vg) . ¢
reor rsin 6 00 rsin @ do¢
1.1.6 Curl
Given vector function ¥, the curls for various coordinate systems are given below.
Cartesian
2 a . 3 ov,
Ve[l x+(ai— av‘)ﬁ+ & O,
ay 0z 0z ox ox ay
Cylindrical

. 0 R
VX7V = 1o V¢§+(%—%)¢+li(w¢) i Z
s d¢ 0z 0z os s| ds o¢
Spherical
V7= ——| L(singy) - 22+ L2 90,50
rsin@| 00 d¢ r{sindop or

—[—( ) - 2 ]¢

1.1.7 Laplacian

Given a scalar function T, the Laplacians for various coordinate systems are given
below.

Cartesian
V2T = o’T o’T o°T
=2 toat 3
0x ay 0z
Cylindrical
V2T: li(sg) + L()Z_T + az_T
s ds\ Os s2og?> 022
Spherical
SR Y (74 S Y AR o s
r2or\ or 2 sin 0 06 00 2 sin’ 0 o¢h>

1-3
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1.1.8 Line integral

Given vector function v and path P, a line integral is given by

5 -
[ 7. d7,

where @ and b are the end points, and d7 is the infinitesimal displacement vector
along P. In Cartesian coordinates dZ = dx £ + dy § + dz 2.

1.1.9 Surface integral

Given vector function v and surface S, a surface integral is given by

/V-dc‘i,
S

where da is the infinitesimal area vector that has direction normal to the surface.
Note that da always depends on the surface involved.

1.1.10 Volume integral

Given scalar function 7' and volume V), a volume integral is given by

[}Tdr,

where dr is the infinitesimal volume element. In Cartesian coordinates
dr = dx dy dz.

1.1.11 Fundamental theorem for gradients

b - R
faP(VT) -7 = 7(8) - 7(a)

1.1.12 Fundamental theorem for divergences (Gauss’s theorem, Green’s theorem,

divergence theorem)
f(v-v)df=51§v-da
12 S

1.1.13 Fundamental theorem for curls (Stoke’s theorem, curl theorem)

[S(va)-da=9§j-d2

1.1.14 Cylindrical polar coordinates

Here our infinitesimal quantities are
d/=dss+sdp¢+dzz

and
dr = s ds d¢ dz.

1-4
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1.1.15 Spherical polar coordinates

Here our infinitesimal quantities are
dZ=dr?+rdo 0+ rsindde $

and
dr = r?sin @ dr d6 d¢.

1.1.16 One-dimensional Dirac delta function

The one-dimensional Dirac delta function is given by

0 x#a

0 X =d

5(x—a)={

and has the following properties

75(x —a)dx =1

[ 16 - adx = 1@

1
O(kx) = mé(x).

1.1.17 Theory of vector fields

If the curl of a vector field F vanishes everywhere, then F can be written as the
gradient of a scalar potential V:

VXF < F=-VV.

If the divergence of a vector vanishes everywhere, then F can be expressed as the curl
of a vector potential A:

V.- F=0oF=VxA.

1.2 Problems and solutions

Problem 1.1. Given vectors 4 = 3% + 99 + 52 and B = £ — 7§ + 42, calculate
A - B and 4 x B using vector components and find the angle between 4 and B
using both products.

1-5
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Solution
A-B=0B%+99 +52) - (£ =79 + 4%)
=3)(1) + (9)(=7) + (5)(4) =3 — 63+ 20

A-B=-40

. X 7 Z

AXB=|3 9 5
1 -7 4

=[O — (=DG)X + [(DG) = G)DP + [B)(=T7) — (DO)E
AxB=71% —=7p —302
To find the angle @ between 4 and B we must first calculate 4 and B:
A=3+92 45 = J1I5
4+ (=772 + 4 =66

Using the dot product, we have

- 4 -40

A-B=ABcos — 6 = cos™! (W)

6 =117.3°.
Using the cross product, we have
\Z X B’| = ABsin6 — [T + (=7)> + (=30)*> = J115/66 sin
6 =62.7°.

Note, however, that we can see that the angle between A4 and B is greater than 90°.
For any argument y, —90° < sin~!(y) < 90°. Since the angle between 4 and B is
greater than 90°, we must adjust for this by subtracting our angle from 180°.
Therefore, 8 = 180° — 62.7° = 117.3° as expected.

z

)
>
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Problem 1.2. The scalar triple product states 4 - (B x C) = B - (C x A). Prove
this by expressing each side in terms of its components

Solution Starting with the left-hand side, the cross product is

X y Z

BxC=|B. B B

C C, C.
(B)C Bzcy))e + (B;C\' - B\C:)ﬁ + (BXCJ’ - B}'C'x)é'

Now, dotting 4 with (B x C )

A - (B x C)=4(B,C. - B.C,)) + 4,(B.C, - B.C.)

4.(B.C, - B,C,)
= A.B,C. —

AB.C, + A,B.C, — A,B.C. + A.B.C, — A.B,C
=B(Cd. - C.4)) + B(C.A, - C.A.)

A-(BxC)=B-[(Cd - Ca)e+ (Cde = Ce )y + (Coy = G )2]

&OLAn—QAJ

Note the term in brackets is precisely C x A, therefore
A-(BxC)=F-(CxA)

as desired. This procedure can easily be applied again to prove the final part of the

triple product,

2~(Ex5)=§~(5x2)=5«(2x§).
Problem 1.3. Given source vector 7' = r cos@ X + rsin y and field vector ¥ = zZ
find the separation vector 7 and the unit vector 7

Solution We have

N
1]

?—7’:22—(rcos9)€+rsin0ﬁ)
¥ =-rcos@ X —rsinf p + zz.

To determine the unit vector 7, we must first find the magnitude of 7

r= \/(—r cos0)? + (—=rsin@)* + z2 = \/rz(coszﬁ + sin? 9) +z2 =42+ 2.

1-7
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So

—rcos@X —rsinf y + zZ2

Nr? + z2

Problem 1.4. Given A4 in coordinate system K, find the rotational matrix to give the
components in system K'.

>

Solution From the figures, we have
Ay = A, A, = A, Al =—A..

We want to find the rotational matrix R that satisfies

A A,
, A;
From our equations above
Al (01 0 (4
=10 0|4
/ 00 —1)\4:

1-8
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Therefore,

~

Il
o — o
o o~

o o

Problem 1.5. Find the gradient of the following functions:
a) T=x*+y*+23

b) T=x*Inyz3

) T=x%+723

Solutions
a) T=x*+y*+ 23

VT=£x+£y+£2—4xx+2yy+3zz
0x ay 0z

b) T=x?Inyz?

oT oT oT 273
VI=—2%+—)p+—2=22° lnyx+£y+3x Iny?
ox ay 0z y

) T=x%+ 723
oT . 0T

VI=—X+—) + £2=2xy)€+x2)9+3222
ox ay 0z

Problem 1.6. Find the divergence of the following functions:
a) v =xyf — 2y%zp + 2%
b)V=x+y)X+@+2))+ @+ x):7

Solutions

a) vV =xpX — 29229 + 2%

ov, 0V,  on
2+

V- Vy=—7+ =7y — 4yz + 322
ox ay 0z Y Y
b V=x+p)E+@+2))+(C+ x):Z
ov
A A AL L B

0x ay 0z

Problem 1.7. Find the curl of the following functions:
a) v =xy& — 2y%zp + 232
b)Vv=x+y)X+@+2))+(+x)7
c)V=sinxX+cosyy

1-9



Electromagnetism

Solutions
a) v = xyX — 2y%zp + 2%

o on. o). ( oy, O ) . o).
VXV= - — X + — 5+ — — 2
dy 0z 0z  Ox ox  dy

oy A=) | o o) |
ay - 0z A 0z ox

o(-2%) o) |,
o0x B ady -

+

= O+2y2))€+(0—0))7+(0—x)2

VX7V

2y2% — xZ
b V=x+p)E+@+2)) +(+ x):Z

- avz avy N ( 61{\ avz ) A avy aVx 2
VXv=]—-—|x+ -—p+|— - Z
ay 0z 0z 0x ox ay

_|az+x) Ay +z) ﬁ+[d(x+y)_d(z+x)]ﬁ
| oy 0z 0z ox

+[0(y +2) o +y)]§
ox ay

A

VXV=-X%X-p-2

¢) V=sinxX+cosyy
av. O 0 ov. a, 0

VX7 = V‘——y)e+( Vx_l)ﬁ+ Ty O
ay 0z 0z ox ox ay

z[@ ~ a(cosy)])%_l_ [6(sinx) ~ @]ﬁ
ay 0z 0z ox

+ d(cosy)  d(sinx) 520
0x ay

1-10
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Problem 1.8. Prove V x (VT) = 0.

Solution
2

£ 09
9 9 0
dy o0z

vV x (VT)

I
S
=

oT oT oT

ox dy oz

o R s o R
(3526

V x (VT) = 0.

Problem 1.9. Find the Laplacian of the following functions:
a) T=x+)y’+x2+3

b) T = e* + sin y cos(2z)

¢c) T=sinxcosy

d) V=xyt+ 2% - 22

Solutions
a) T=x+)>+xz+3

2 2 2
VZT:£+£+£:O+2+O:2
ox>  oy* oz’

b) T = e* + sin y cos(2z)
’T o0*T o°T

VT =— +

— 4+ — =¢* —sinycos(2z) — 4sin y cos(2z
ozt o T o y cos(2z) y cos(2z2)

=e* — 5sin y cos(2z)

¢) T =sinxcosy

_ T 0T T

V2T G
ox>  ody*  0z2

= —sinXCOSy — SinX COs y = —28in X COS y
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d) v =xyLt +2z% -2z

R N N PO i A
V2 = + + £+ + +
ox>  o0y*>  0z2 ox?>  o0y*> 022

+ o + il + o 2
ox>  dy> oz’

VAWVi=04+04+02%+0+0+2)75+(0+ 0+ 0)2 =29

Problem 1.10. Test the divergence theorem with v = 2xy% + 1223 + (x%z — 2y)2
and the volume below.

Solution The divergence theorem states
[ v-var=g-da
% S
Starting with the left-hand side, we have the divergence
V-17'=2y+2y23+xz:2)/(23 +1)+x2.

We must split the volume into two pieces, (a) 0 < y < land (b)1 <y < 2.

(a)

/V~Vdr=77][2y(z3+l)+x2]dydxdz=%
0 0 0



