
Essential Fluid Dynam
ics For Scientists    Jonathan Braithwaite

Essential Fluid Dynamics for Scientists
Jonathan Braithwaite

This book provides an introduction to fluid mechanics, a subject essential for students 
and researchers in many branches of science.  It illustrates fundamental principles with 
a variety of examples drawn mainly from astrophysics and geophysics as well as from 
everyday experiences. In this way, the reader will develop an intuitive understanding 
which can then be applied in other contexts. For example, a hydraulic shock forms as 
water from a tap spreads out across the surface of a wash basin, which is correlated to 
astrophysical shocks.

The content of the book is as follows. A derivation of the basic equations is followed 
by discussions of the properties of these equations and related phenomena. This 
includes the following: steady and unsteady flow, Bernoulli’s equation and the 
function of aerofoils; sub- and supersonic flow and compressibility; jets, nozzles, 
accretion and stellar winds; various waves and instabilities; viscosity; shocks; 
vorticity and rotating fluids. The last two chapters are a self-contained introduction to 
magnetohydrodynamics and some relevant astrophysical contexts. Note that in contrast 
to texts aimed at engineers, there is only a brief discussion here of the interaction of 
fluids with solids, for instance of boundary layers and pipe flow; students interested in 
designing turbines or fighter planes will therefore need to do some additional reading. 
Prior familiarity with basic thermodynamics and vector calculus is assumed.

About Concise Physics
Concise PhysicsTM publishes short texts on rapidly advancing areas or topics, providing 
readers with a snapshot of current research or an introduction to the key principles. 
These books are aimed at researchers and students of all levels with an interest in 
physics and related subject areas.



Essential Fluid Dynamics
For scientists





Essential Fluid Dynamics
For scientists

Jonathan Braithwaite

Morgan & Claypool Publishers



Copyright ª 2017 Morgan & Claypool Publishers

All rights reserved. No part of this publication may be reproduced, stored in a retrieval system
or transmitted in any form or by any means, electronic, mechanical, photocopying, recording
or otherwise, without the prior permission of the publisher, or as expressly permitted by law or
under terms agreed with the appropriate rights organization. Multiple copying is permitted in
accordance with the terms of licences issued by the Copyright Licensing Agency, the Copyright
Clearance Centre and other reproduction rights organisations.

Rights & Permissions
To obtain permission to re-use copyrighted material from Morgan & Claypool Publishers, please
contact info@morganclaypool.com.

Certain images in this publication have been obtained by the author(s) from the Wikipedia/
Wikimedia website, where they were made available under a Creative Commons licence or stated
to be in the public domain. Please see individual figure captions in this publication for details. To
the extent that the law allows, IOP Publishing and Morgan & Claypool Publishers disclaim any
liability that any person may suffer as a result of accessing, using or forwarding the image(s). Any
reuse rights should be checked and permission should be sought if necessary from Wikipedia/
Wikimedia and/or the copyright owner (as appropriate) before using or forwarding the image(s).

ISBN 978-1-6817-4597-8 (ebook)
ISBN 978-1-6817-4596-1 (print)
ISBN 978-1-6817-4599-2 (mobi)

DOI 10.1088/978-1-6817-4597-8

Version: 20171201

IOP Concise Physics
ISSN 2053-2571 (online)
ISSN 2054-7307 (print)

A Morgan & Claypool publication as part of IOP Concise Physics
Published by Morgan & Claypool Publishers, 1210 Fifth Avenue, Suite 250, San Rafael, CA,
94901, USA

IOP Publishing, Temple Circus, Temple Way, Bristol BS1 6HG, UK



This work is dedicated to Dani,
who put up with me while I was writing it.





Contents

Preface xi

Author biography xii

1 Introduction 1-1

1.1 The fluid approximation 1-1

1.2 The hydrodynamic equations 1-3

Exercise 1-6

2 Some basic concepts 2-1

2.1 Visualisation 2-1

2.2 Sound waves 2-2

2.3 Compressibility 2-5

2.3.1 The incompressible equations of motion 2-5

2.4 Rotation of fluid elements 2-6

2.4.1 Circulation 2-6

2.4.2 Vorticity 2-8

2.4.3 Potential flow 2-8

2.5 Gravitationally stratified fluid 2-9

2.5.1 Hydrostatic equilibrium 2-9

2.5.2 The Boussinesq and anelastic approximations 2-10

2.5.3 The hydrostatic approximation 2-12

Exercises 2-14

References 2-15

3 Steady flow of an ideal fluid 3-1

3.1 Bernoulli’s equation 3-1

3.1.1 Applications of Bernoulli’s equation 3-3

3.2 Subsonic and supersonic flow 3-4

3.3 Flow through a nozzle 3-7

3.4 Stellar winds and accretion 3-9

Exercises 3-13

References 3-14

vii



4 Viscosity 4-1

4.1 The viscous stress tensor 4-1

4.2 Viscous heating 4-4

4.3 Examples of viscous flow 4-5

4.4 Similarity and dimensionless parameters 4-6

4.5 Regimes of viscous flow: example of flow past a solid body 4-8

4.6 Boundary layers 4-12

4.7 Heat diffusion 4-13

Exercises 4-14

Reference 4-14

5 Waves and instabilities 5-1

5.1 Surface gravity waves 5-1

5.1.1 The shallow-water equations 5-4

5.2 One fluid on top of another fluid 5-6

5.3 Shear instability between two fluids 5-8

5.4 Internal gravity waves 5-13

5.5 Convection 5-17

5.6 Baroclinic instability 5-20

5.7 Turbulence 5-21

5.8 The Jeans instability 5-24

Exercises 5-25

References 5-27

6 Shocks 6-1

6.1 Viscous versus pressure gradient force 6-1

6.2 The jump conditions 6-2

6.3 Contexts 6-4

6.4 Hydraulic jumps 6-5

Exercises 6-6

7 Vorticity and rotating fluids 7-1

7.1 Vortices 7-1

7.2 The vorticity equation 7-4

7.3 The momentum equation in a rotating frame of reference 7-6

7.4 The centrifugal force and the von Zeipel paradox 7-7

Essential Fluid Dynamics

viii



7.5 The vorticity equation in a rotating frame 7-8

7.6 Inertial waves 7-9

7.7 The Taylor–Proudman theorem 7-11

7.8 The geostrophic approximation 7-12

7.9 Rossby waves 7-13

Exercises 7-15

References 7-16

8 Magnetohydrodynamics: equations and basic concepts 8-1

8.1 The MHD equations 8-1

8.2 The MHD approximation 8-4

8.3 The magnetic and other fields 8-4

8.4 A brief note concerning units 8-5

8.5 Field lines, flux conservation and flux freezing 8-5

8.6 Magnetic diffusivity 8-6

8.7 Magnetic pressure, tension and energy density 8-7

8.8 Waves 8-9

8.9 Different regimes in MHD 8-10

8.10 Magnetic helicity 8-12

8.11 MHD equilibria 8-13

Exercises 8-15

References 8-16

9 MHD: astrophysical contexts 9-1

9.1 The solar corona 9-1

9.1.1 Force-free and potential fields 9-3

9.1.2 Energy minima 9-4

9.1.3 Reconnection 9-6

9.2 Jets: launching, collimation and instabilities 9-7

9.2.1 Launching 9-7

9.2.2 Collimation 9-9

9.2.3 Instability 9-11

9.3 Angular momentum transport in discs 9-13

9.3.1 MRI: physical mechanism
and stability condition

9-14

9.3.2 The dispersion relation 9-16

Essential Fluid Dynamics

ix



9.3.3 MRI: remarks 9-18

Exercises 9-19

References 9-20

Appendix A: Useful information A-1

Essential Fluid Dynamics

x



Preface

This book grew out of a course in hydrodynamics taught in Bonn to Master’s
students. Although the course was designed for students who have already
completed an undergraduate degree in physics, only a little prior knowledge is
assumed, namely that the student is familiar with very basic thermodynamics and
vector calculus. This course is accessible to, and useful for, students in any branch of
physics. However, there is some bias towards applications in astrophysics and
geophysics, as opposed to applications in engineering. In practice this means there is
a certain focus on phenomena important in these fields, such as the types of waves
that might be found in stars or in the ocean. In contrast, topics such as boundary
layers, pipe flow and aerodynamics, are mentioned only relatively briefly. In
addition, many of the principles are illustrated using examples from everyday
experience, as in this way the student can develop an intuitive understanding which
can then be applied in other contexts. For instance, reference is made to the
hydraulic shock formed as water from a tap spreads out across the surface of a wash
basin—making a connection to the phenomenon of astrophysical shocks.
Phenomena in atmospheric physics are also used as a bridge between terrestrial
intuition and the astrophysical context. In fact, since atmospheric fluid dynamics has
a longer history than astrophysical fluids, astrophysicists are well advised to learn
from this neighbouring field to avoid reinventing the wheel.

How to read this book: each chapter is relatively independent and so it shouldn’t
be necessary to read them in order. Various concepts from the first two chapters are
used in the rest of the book, but the student who already has some familiarity with
the subject can skip directly to the later chapters and refer back to these two chapters
if the need arises. Also, the reader is advised to look at the exercises even if not
actually wanting to work through them, as they introduce some useful concepts not
contained in the main text.

Magnetohydrodynamics, an extension of hydrodynamics to electrically conduct-
ing fluids, is introduced in the last two chapters. There is an emphasis here on
astrophysical applications—here we cannot draw on terrestrial intuition and must
rely on theory. These chapters are ‘stand alone’ in that they can be read without the
rest of the book.

Jonathan Braithwaite
Munich, August 2017
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Chapter 1

Introduction

We first examine what is meant by a fluid before deriving the equations of motion.

1.1 The fluid approximation
The ancient Greeks amongst others debated over 2000 years ago whether matter is
made from discrete particles or is a continuum, divisible ad infinitum. This question
was not properly resolved until well into the 19th century (Brownian motion, etc), by
which time useful theories of thermodynamics had already been developed, driven
largely by the need to build more efficient steam engines. Therefore, it is not
necessary to think about particles in order to understand thermodynamics; it is just
necessary to accept a small number of experimentally-supported axioms (the laws of
thermodynamics) and the rest of classical thermodynamics follows1. Later, when
statistical mechanics was developed, it became possible to understand where the laws
of thermodynamics come from, in terms of more fundamental physics. However, for
practical purposes this is unnecessary and complicates matters.

The same is true of hydrodynamics, the study of fluid flow, which was also
developed prior to the conclusion of the atom versus continuum debate. In many
situations it is sufficient to treat a fluid as a continuous substance. Now that we know
that fluids are made of particles, we can explain some fluid phenomena in terms of
more fundamental physics, for instance we can predict the viscosity of a gas (a
macroscopic quantity) by consideration of particles, mean-free paths and so on.
However, in this book, we shall cover classical hydrodynamics, meaning without
consideration for the particle nature of matter, making only occasional reference to
particles. Before deriving the equations of hydrodynamics, it is useful to look at the
fluid approximation, how it is built up, and its limitations, so that we know not to try
to use hydrodynamics where it does not apply.

1 This book does assume some prior knowledge of thermodynamics; a selection of relevant results can be found
in appendix A.5.
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To describe a body of fluid precisely, in principle the first step would be to write
down the Schrödinger equation. Fortunately it turns out that quantum effects can
normally be ignored so that we can consider just the position and velocity of each
particle. The next approximation is to describe the particles statistically rather than
individually, in terms of a distribution function f:

δ δ δ=N t f tr u r u( ) ( , , ) , (1.1)3 3

where δN is the number of particles in a small volume in position/velocity space at
time t; r is the space coordinate (a vector with as many components as the space has
dimensions) and u is the velocity. We can then express the conservation laws (mass,
momentum, energy) in terms of a Boltzmann equation.

In this system, a small volume in physical space (i.e. δ δ δ δ= x y zr3 ) can contain
particles with completely different velocities, and this velocity distribution is
described in detail at every location in space. In contrast to this, the fluid
approximation describes the system in the following way. First we integrate
f tr u( , , ) over all velocity space to obtain a space density n tr( , ), and then we
introduce a mean velocity = tu u r( , ), the mean velocity of the particles2 at position
r. This is arrived at by integrating f tr u u( , , ) over velocity space and dividing by
n tr( , ). (Hereafter the bar on the mean velocity is dropped.) Obviously in doing this
we have lost all information about the spread of particle velocities about the mean.
However, we can make up for this by noting that if we have local thermodynamic
equilibrium (LTE), there is only one degree of freedom in the spread of velocities
which we characterise with temperature =T T tr( , ).

In assuming LTE, we are assuming, in effect, that the particles in some small
volume are able come into equilibrium with each other via collisions, rather than
wandering larger distances before this has been achieved; only in this way can
temperature be defined locally. For this condition to hold, it is necessary that the
mean free path of the particles is significantly less than any other length scales of
interest to us. For instance, in the Earth’s atmosphere the mean free path is of order
10−5 cm while the smallest length scales of interest to us in weather forecasting are
perhaps 100 m, so that we may safely treat air as a fluid. In some contexts the fluid
approximation is not applicable, for instance in the solar wind where the mean free
path of protons is 1015 cm ≈ 20 AU (an astronomical unit is the mean distance
between the Sun and the Earth). This example brings us to another point: in the fluid
approximation we are assuming that all particle species making up a fluid are in
LTE amongst themselves and with each other. In other words, all species have the
same mean velocity u and temperature T at any point in space and time. In the solar
wind, the electrons have a significantly shorter mean free path and may come into
thermal equilibrium with each other while the protons can still be considered
collisionless. A proper study of these phenomena is outside the scope of this book;
the interested student should consider consulting a book on plasma physics.

2 If the particles do not have uniform mass, we take a mass-weighted mean. This ensures that the resulting
equations respect conservation of momentum.
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Finally, it is worth noting that the equations of hydrodynamics that we derive
using the fluid approximation can sometimes predict situations which violate the
applicability of the approximation. A good example of this is shocks (chapter 6)—
the fluid equations predict in some circumstances the appearance of discontinuities
in the fluid quantities such as u and T. The relevant length scale in the fluid goes to
zero, which is clearly less than the mean free path and violates the fluid approx-
imation! Fortunately there is a way out of this apparently unpleasant predicament
without completely abandoning the fluid picture. (In reality, the discontinuity has a
thickness roughly equal to the mean free path.)

1.2 The hydrodynamic equations
In this section the equations of hydrodynamics are derived3.

We know from thermodynamics that the state of a fluid can be described in terms
of a number of ‘functions of state’, which in a simple fluid is two, for instance
pressure and temperature; all other variables, for instance density or entropy, can be
found from the equation of state. In the following we use a simple fluid, but the
equations can easily be generalised to include more complex fluids such as a fluid in
which the mean molecular weight is not fixed, which one encounters sometimes in
astrophysics, or the salinity in an ocean or water vapour concentration in the
atmosphere, for example. Note that these quantities are called intensive variables as
they can be defined and measured at any particular point in space, as opposed to
extensive variables such as volume or mass which are properties of a whole system.
In addition to these functions of state, in a fluid flow we also need the velocity u for a
complete description. The velocity and the thermodynamic variables are functions of
position r and time t.

The equations of hydrodynamics essentially express the conservation of momen-
tum, mass and often also energy and/or other quantities such as chemical
components of the fluid. They are partial differential equations containing the
time derivatives of the velocity and the thermodynamic variables. First of all, the
application of Newton’s second law to a fluid element of volume δV gives us

ρ δ δ=V
t
u

F
d
d

, (1.2)

where ρ is the density of the fluid and δF is the force on the fluid element. Dividing
by δV and splitting the right-hand side up into different types of force we have

ρ

ρ∇

= +

= − + + +
t

P

u
F F

F g

d
d

etc,
(1.3)surface body

visc

where the terms on the right-hand side now represent various forces per unit volume.
These forces fall into two classes. First there are surface forces, where the force on a
fluid element comes from its immediate neighbours: the pressure gradient force,

3 The letters and symbols used in these equations and others in this book are listed in appendix A.4.
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present in all fluids, and the viscous force. One can consider that the pressure is
defined (apart from some additive constant) by this equation. Alternatively, pressure
is defined in a non-viscous fluid as the force per unit area exerted by a fluid element
on its neighbours; the net force per unit volume appearing above is found by
equating ∮ ∫ ∇=P P VSd d . In a viscous fluid the force exerted by an element on its
neighbours is generally not the same in all directions and the average is not
necessarily equal to P; the definition of pressure in this case is less straightforward
—see chapter 4.

Secondly, there are body forces such as gravity (g is the local gravitational force
per unit mass). Depending on the context, there can be various other body forces.
For instance, in chapter 7 we look at effects of the Coriolis force present in any fluid
in a rotating frame of reference. In ionised gases there is also generally an
electromagnetic body force (chapter 8).

Note that the derivative on the left-hand side of (1.3), td d , is the Lagrangian (co-
moving) time derivative, which is related to the Eulerian (fixed in space) time
derivative ∂ ∂t in the following way. First recall that an infinitesimal change δf in a
function f x y z t( , , , ) can be expressed as

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟δ δ δ δ δ= ∂

∂
+ ∂

∂
+ ∂

∂
+ ∂

∂
f t

f
t

x
f
x

y
f
y

z
f
z

. (1.4)
x y z y z t x z t x y t, , , , , , , ,

Dividing this equation by δt and recognising that δ δ=u x tx and so on, we can
express the rate of change of any quantity f tr( , ) in a fluid element moving with
velocity u as

∇= ∂
∂

+ ·f
t

f
t

fu
d
d

; (1.5)

in other words, the co-moving rate of change of a quantity in a particular fluid
element momentarily located at r is equal to the rate of change fixed at that location
r plus the spatial derivative in the direction of the fluid velocity multiplied by the
magnitude of the fluid velocity. Note that often a capital D is used for the
Lagrangian derivative instead of d.

Now we use conservation of mass to derive the second equation. Imagining a
volume V with boundary S (fixed in space), the rate of change of mass in the volume
is equal to the mass flux ρu into the volume through the boundaries, giving

∫ ∮ρ ρ∂
∂

= − ·
t

V u Sd d , (1.6)

∫ ρ∇= − · Vu( )d , (1.7)

where the boundary element vector Sd is defined pointing outwards; the second line
follows from Gauss’ theorem (A.15). Taking the time derivative inside the integrand,
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and noting that this relation is valid for any volume V, gives us the continuity
equation

ρ ρ∇∂
∂

= − ·
t

u( ). (1.8)

Often, we wish to have this equation in a form containing the Lagrangian derivative.
Using (1.5) and (A.11), we have

ρ ρ∇= − ·
t

u
d
d

. (1.9)

So far, we have two equations (1.3) and (1.8) and three unknowns u, ρ and P. To
close this set, the simplest option is to find some way of directly relating ρ to P
without involving any new variables. This is known as a ‘barotropic’ equation of
state where ρ ρ= P( ). A special case is to assume a constant density: ρ = const, so
that ρ can be replaced by a constant ρ0 in (1.3) and then (1.8) reduces to ∇ · =u 0
(see section 2.3.1 for more detail on incompressible fluids). However, we often have
two or more independent thermodynamic variables and the equation of state of the
fluid is expressible as ρ ρ= …P X X( , , )1 2 where X1, X2 are some other thermody-
namic variables.

We often have two thermodynamic degrees of freedom, or in other words, two
independent functions of state, in which case we need one more partial differential
equation in addition to the momentum equation and continuity equation derived
above. An example of a fluid with two thermodynamic degrees of freedom would be
an ideal gas with constant molar mass, as is used often in this book. In this and many
other fluids the last partial differential equation describes the evolution of heat
energy.

There are various ways of writing down the energy equation; what they all have in
common is that they give the time derivative of a thermodynamic variable other
than density. Now, we know from the first and second laws of thermodynamics that

= +U Q Wd d d and if the change is reversible4 that =Q T Sd d and = −W P Vd d .
This suggests a simple way of writing down the energy equation:

=s
t

q
T

d
d

, (1.10)

where s is specific entropy and q is heat energy deposited per unit mass of fluid per
unit time from an as yet unspecified source. This source could be external (for
instance radiative heating or cooling), from neighbours via thermal diffusion, or
internal (for instance from chemical or nuclear reactions, viscous heating, dissipa-
tion of electric currents).

4We are approximately in the reversible regime here because changes in volume are reversible, meaning that a
given fluid element is pushing against neighbouring elements with the same pressure at which the neighbouring
elements are pushing back, rather than the fluid element being allowed to expand into a neighbouring vacuum,
for instance, where −P Vd is non-zero but work =Wd 0.
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Equation (1.10) on its own does not complete the set, indeed it introduces two
new variables. In the prognostic equations (those with a time derivative on the left-
hand side) we predict ρ and s so we need to find pressure and temperature with the
diagnostic equations ρ=P P s( , ) and ρ=T T s( , ) in order to use them on the right-
hand side of the prognostic equations. Depending on the fluid, these functions might
be complicated or inconvenient so that it makes more sense to forgo (1.10) in favour
of a form which does not involve entropy. This is normally the case with an ideal
gas, for instance, when we have a simple equation of state relating P, ρ and T but
more complex relations with s.

Searching for a more convenient alternative we can look at the equation for a
reversible change = −U Q P Vd d d and write it down per unit mass of the fluid,
which has a volume ρ1 and internal energy ϵ, and per unit time:

ϵ ρ

ρ
∇

= −

= − ·

t
q P

t

q
P

u

d
d

d
d

(1/ )

,
(1.11)

where (1.9) has been used. Since a new variable ϵ has been introduced and our
independent variables now are ρ and ϵ, we also need the function ρ ϵ=P P( , ) so we
can plug pressure into the right-hand sides of (1.3) and (1.11).

In the case of an ideal gas this function is γ ρϵ= −P ( 1) where γ = c cp v is the
ratio of specific heats; with some rearrangement the energy equation can now be
written

γ ρ γ ∇= − − ·P
t

q P u
d
d

( 1) . (1.12)

So in summary we have partial differential equations containing time derivatives of
the velocity u and the independent thermodynamic functions of state. In the next
chapter, rather than trying to solve these general equations we shall make the
simplifications that we have no diffusion of momentum or heat, and no additional
heating from any source, i.e. q = 0 and =F 0visc .

Exercise
1.1 Different forms of the energy equation

Using the ideal gas relations γ ρϵ= −P ( 1) and ρ= μP R T , derive the energy
equation (1.12) from (1.11) and furthermore show that the energy equation can
also be written

γ ∇− = − ·
μ

T
t

q
R

T u( 1)
d
d

. (1.13)
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Chapter 2

Some basic concepts

We shall now look at some important concepts and tools to help us in the following
chapters. To make this a little simpler, we neglect viscosity everywhere in this
chapter—we have a so-called ideal fluid. Using the results from chapter 1, we can
write down the equations governing the motion of an ideal fluid in a system
containing gravity as an example of a body force:

ρ
∇ ∇∂

∂
+ · = − +

t
P

u
u u g( )

1
; (2.1)

ρ ρ∇∂
∂

= − ·
t

u( ); (2.2)

=s
t

d
d

0. (2.3)

These are often called the Euler equations. The first equation is obtained by dividing
equation (1.3) by density and breaking up the time derivative on the left with the
help of (1.5). In the third equation, s is the specific entropy; this form may be
obtained by setting q = 0 in (1.10).

2.1 Visualisation
When working with three-dimensional vector fields, visualisation is half of the work.
A few different types of line are commonly used to visualise a flow: streamlines,
pathlines, streaklines and timelines:

• Streamlines are lines which are everywhere tangential to the velocity. They
are conceptually similar therefore to electric or magnetic field lines—they
illustrate the direction of the velocity field at a particular point in time. A
streamtube is simply a tube bounded by streamlines (analogous to a flux tube
in magnetohydrodynamics). Streamlines and streamtubes contrast with the
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following kinds of line, which give us information about what the flow was
doing before the present time.

• A pathline (or particle path) is a line that goes through the locations a
particular particle (or fluid element) has visited in the past. Normally
therefore, one end of the line is the present location of the particle in
question. In a transparent fluid one can imagine inserting some tiny lamps
(or willing hovering fireflies) to be carried along passively with the flow. A
long photographic exposure would show pathlines.

• A streakline, in contrast, joins fluid elements which have passed through a
particular location at some time in the past. Experimentally, one can see a
streakline by continuously injecting dye into the flow at a particular location.

• A timeline connects an arbitrary string of fluid elements at a particular point in
time. One visualises with the aid of a family of timelines, each passing through
the same fluid elements at different times. Alternatively one can imagine
plotting the position of a co-moving stretchable ribbon at different times.

The various kinds of line are illustrated in figure 2.1.
At this juncture it is useful to consider the difference between steady and unsteady

flow. As the name suggests, a steady flow has ∂ ∂ =t/ 0 for all variables. (Important to
note of course is that this does not mean that =td/d 0.) It is useful to convince
oneself that in a steady flow, streamlines, pathlines and streaklines are all the same.
Chapter 3 is dedicated to steady flows.

2.2 Sound waves
There are many kinds of waves that can propagate through fluids; a small selection
of these are covered in chapters 5, 7 and 8. The large variety comes from the fact that
all waves and oscillations require a restoring force, and that many different restoring
forces (and combinations of restoring forces) are available, such as gravity, Coriolis
force, Lorentz force, viscoelasticity. There is only one kind of wave, however, which

Streamline

Stream tube

Pathline

fluid
element

Timeline

Streakline

dye
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Figure 2.1. Streamlines, streamtubes, pathlines, streaklines, and timelines.
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can exist in all fluids: the sound wave. The reason for this is that its restoring force is
the pressure gradient force—the term with ∇− P in the momentum equation (2.1)—
which is the only force present in all fluids.

An important first step when examining the properties of a wave is to derive the
dispersion relation, the relation between frequency and wavelength, or rather
between angular frequency ω and wavenumber k. We shall now do this for sound
waves. Consider a homogenous system without gravity where the background state
is constant in space and there is no background fluid flow. The sound wave causes
the variables (density, pressure, velocity) to oscillate around this equilibrium.
Furthermore the variables vary only in the x direction, so that any wave must
also propagate in that direction (we call this a plane wave), and the velocity in the x
direction is u. The momentum and mass conservation equations (2.1) and (2.2) can
be written:

ρ
∂
∂

+ ∂
∂

= − ∂
∂

u
t

u
u
x

P
x

1
, (2.4)

ρ ρ∂
∂

= − ∂
∂t x

u( ). (2.5)

In order to look at the properties of low-amplitude, linear waves, it is necessary to
linearise these equations. To do this, we first define some background equilibrium
state with pressure P0, density ρ0 and zero velocity, and write pressure δ= +P P P0 ,
ρ ρ δρ= +0 where δ ≪P P0 and δρ ρ≪ 0. It follows that the velocity u is also small.
Now, looking at the ratio of the two terms on the left-hand side of (2.4), we see that
we can ignore the second provided that

≫ ⇒ ≫U
T

U
L

L A, (2.6)
2

whereT is the timescale (the wave period), L is the length scale (the wavelength) and
∼A UT is the amplitude (how far a fluid element moves from its equilibrium

position). This condition is easily shown to be equivalent to the conditions δ ≪P P0

and δρ ρ≪ 0 introduced above.
In addition we need some relation between the pressure and density perturba-

tions: we define ρ≡ ∂ ∂c P /2 . The linearised equations are

ρ
δ∂

∂
= − ∂

∂
u
t

P
x

1 ( )
, (2.7)

0

δρ ρ∂
∂

= − ∂
∂t
u
x

( )
, (2.8)0

δ δρ=P c . (2.9)2
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Substituting for δρ from (2.9) into (2.8), differentiating with respect to t and
combining with (2.7) gives the wave equation

δ δ∂
∂

= ∂
∂

P
t

c
P

x
( ) ( )

. (2.10)
2

2
2

2

2

The general solution to this is

δ = − + +P A x ct B x ct( ) ( ). (2.11)

The two terms represent waves travelling in the positive and negative x-directions,
respectively. Considering a wave travelling either to the right or to the left, whatever
form of δP x( ) is present at time t = 0 it is preserved in shape but is shifted a distance
ct at a later time t, i.e. it moves with speed c.

Alternatively we could have dealt with (2.10) by assuming a solution of the form
δ = ω−P Aei kx t( ), giving a dispersion relation of

ω = kc. (2.12)

Recall the definitions of phase speed ω k/ , the speed at which individual peaks and
troughs move, and group speed ω∂ ∂k/ , the speed at which wavepackets and
information move. In this case, both are equal to c, which does not depend on the
frequency. This non-dependence of speed on frequency we call non-dispersiveness.
We return to this topic in chapter 5.

Finally, how do we calculate the sound speed? It was introduced as the square
root of the ratio between the density and pressure perturbations. Clearly this is only
valid for small perturbations. Its value is normally calculated by assuming that the
motion is adiabatic and the fluid elements have constant entropy. In an ideal gas,
this gives an (adiabatic) sound speed

γ
ρ

γ
μ

= =c
P RT

, (2.13)
m

where the second form is useful because it shows the dependence on temperature if γ
and μm are constant. Table 2.1 lists approximate sound speeds in various materials.

Table 2.1. The sound speed in various relevant media.

Medium Sound speed (km s−1)

Rubber 0.1
Air at room temperature 0.3
Water 1.5
Interior of Earth 8
Interstellar medium at 104 K 10
Interior of the Sun 300
Interior of a (cold) white dwarf 5000
Interior of a (cold) neutron star 105

Relativistic non-degenerate plasma c / 3light
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Note finally that occasionally the isothermal sound speed is discussed, which in an
ideal gas would be ρ=c P /ith . This can be relevant in contexts with long wave
periods and efficient heat transfer.

2.3 Compressibility
We can estimate the fractional density variation in a flow in the following way.
Imagine the system has characteristic length and time scales L and T and typical
velocityU . The sound speed is ρ= ∂ ∂c P( / )s

2 (see section 2.2) and the Mach number
is defined as ≡M U c/ . In a system without gravity and other body forces,
comparing the sizes of the terms in the momentum equation (2.1) gives:

ρ
δ
ρ
δρ
ρ

∇ ∇∂
∂

+ · = −
t

P

U
T

U
L

P
L

M
L

UT
M

u
u u( )

1

,

(2.14)
2

2 2

where δP is the typical departure of the pressure from some mean or equilibrium
pressure. The third line is obtained by multiplying the second by L c/ 2. In a general
unsteady flow we have ∼L T U/ so the first two terms will be of comparable size and
we have

δρ
ρ

∼ M . (2.15)2

This relation also holds for steady flows (as discussed in chapter 3), where all
Eulerian time derivatives ∂ ∂t/ are zero and the first term on the left of (2.14) is
absent. However, in the special case of a stationary fluid hosting a sound wave (as we
saw in section 2.2) we have ∼L T c/ instead of ∼L T U/ , the second term on the left
can be neglected and instead of (2.15) we have

δρ
ρ

∼ M. (2.16)

In any case, this demonstrates how density changes within the fluid arise through the
inertia of the fluid, and that if the motion is subsonic, i.e. if M is small, then the
fractional density differences δρ δ/ are small. In the literature it is customary
therefore to say that the flow is incompressible if <M 0.3 so that relative density
variations are less than a tenth.

2.3.1 The incompressible equations of motion

If a flow is approximately incompressible we can replace the density ρ in the
momentum equation (2.1) with a constant density ρ0:
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ρ
∇ ∇∂

∂
+ · = −

t
P

u
u u( )

1
(2.17)

0

and the continuity equation (2.2) with

∇ · =u 0. (2.18)

In principle this completes the incompressible set of equations because we have the
same number of equations as variables. It is not obvious, however, how to find P.
The trick is to take the divergence of the momentum equation which, using (2.18),
gives the Laplace equation

∇ =P 0, (2.19)2

which is a boundary value problem. Formally, what we have done here is to set the
sound speed ρ∂ ∂P( / )s to infinity, so that any pressure perturbation is immediately
transmitted to the entire volume.

That these equations do not allow sound waves can be very advantageous. It
is generally helpful to have equations which only allow the phenomenon we are
interested in, as it makes it easier to find the solution we are interested in. In
numerical work, the timestep is set by the shortest timescale present in the
system, which is often the acoustic timescale. Filtering out the sound waves
allows a longer timestep than would be possible with the full compressible
equations.

We shall use the incompressible equations in chapter 5 in deriving dispersion
relations for water waves. They are also used in many other contexts such as in
(subsonic) aerodynamics and the flow of liquids, e.g. of water through a pipe.

In general and in various contexts, approximations are useful and there are
almost countless such approximations in the literature. In section 2.5 we shall look
at some further approximations that are useful if we have a constant gravity force g
in the momentum equation.

2.4 Rotation of fluid elements
To clarify, in this section we shall examine the rotation of fluid elements about their
own centres of mass, as opposed to motion in a circle around some external axis.
(Both are covered in more detail in chapter 7.)

2.4.1 Circulation

Let us define the circulation Γ around a closed co-moving loop as

∮ δΓ ≡ ·u s, (2.20)

where δs is the infinitesimal displacement along the loop. As the loop moves with the
flow, the rate of change of this circulation is
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