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Preface

The idea of a continuous group that is somehow differentiable is attributed to
Sophus Lie, who applied such groups to differential equations. A modern definition
of a Lie group is that it is a set G which is both a group and a smooth manifold.
These two aspects of G connect in the requirement that group multiplication and
inversion are smooth maps. To make this definition useful to a reader who is not
already familiar with them, words such as group, manifold, smooth etc, need to be
addressed. The approach will be informal.

The presentation in these lectures will assume only a knowledge of calculus and
familiarity with basic differential equations and physics. A framework to support a
useful if less formal definition of a Lie group will develop gradually below. A Lie
group is a type of group with continuously many elements. Most readers will know
something about groups, but an outline of some basic ideas concerning finite groups
is provided here for completeness and to fix some vocabulary or notational
conventions that might be idiosyncratic. The reader who is already familiar with
groups can skip these comments and refer back to them if necessary. In that case the
reader should find the subsection introducing Lie groups and start there.
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Introduction

This volume is to accompany a set of video lectures. It is written for physics students
enrolled in a first year graduate course in methods of theoretical physics, or for a
physicist who in the course of their work has found it necessary to know some basic
things about Lie theory. In particular, it is a summary overview of the theory of
finite groups, a brief description of a manifold, and then an informal development of
the theory of one-parameter Lie groups, especially as they apply to ordinary
differential equations. The treatment is informal, although systematic and reason-
ably self-contained, as it assumes a familiarity with basic physics and applied
calculus, but does not assume additional mathematical training. The presentation is
concise, although there are some points on which it is more expansive. I have
devoted some narrative to the points where I think the standard resources do not
provide enough or may even fail to make some key observations.

The instructional intent of the book is that a motivated reader, who knows
calculus but who has never heard of a group, should have a fair chance of finding
symmetries of a second order differential equation encountered in the wild—
provided a symmetry exists—and having found one, should be able to use it to
reduce the order of the differential equation. The phrase ‘in the wild’ is intended to
mean that the equation is not a standard textbook example but one arising from
some physical problem in the context of research. This objective may seem limited in
scope, but I believe it is not so limited. It prompts one to learn a number of useful
things about Lie groups along the way, such as what an infinitesimal generator is
and how to find one, how to construct a prolongation, how to find and use canonical
coordinates, how to find symmetries, integrating factors, and so on.

There are places in the presentation where I have chosen not to move the
development along on the path of least resistance by considering only the most
familiar cases or a couple of deceptively simple examples, because I want the reader
to encounter the general methods. For instance, at least some space is devoted to
groups not expressed in a way that the parameters simply add under the group
operation. The objective is that an interested reader should acquire a tool that is
complete and that actually works to simplify or solve differential equations. At the
same time, in the process, such a reader should learn enough of the practical
apparatus of Lie theory to move on into other topics.

Chapter 1 is about symmetries, finite groups and representations. It is brief but
contains the ideas built upon in later sections. It contains more as well. Unitary
matrix representations, orthogonality, and the use of characters are outlined,
primarily for applications somewhat outside the ones actually covered in this
volume. It is anticipated that it might be used to support material presented in
other lectures later on. The material that is built upon in later sections of this volume
where Lie groups are developed is really from the first two sections of chapter 1.
Readers who already have some knowledge of symmetries, group axioms, and
subgroups are advised to move on to chapter 2 and refer back if needed.

xii



As applied to differential equations, the Lie groups will occur as coordinate
substitutions or coordinate transformations. They are point transformations in that
they are defined completely by the group action on the dependent and independent
variables. Substitution groups and infinitesimal generators, which are central to the
theory, are developed in chapter 2, as is another essential concept, that of canonical
coordinates of which the group transformations move only one, leaving the others
fixed. The objective of applying the groups to ordinary differential equations is
addressed in some detail in chapter 3. The culmination of this brief treatment of
symmetry reduction is the penultimate section 3.7, which is focused on finding
symmetries of second order equations and on using a symmetry to reduce the order.
It follows to some extent the treatment in Hans Stephani’s chapter 4 on how to find
Lie point symmetries of an ordinary differential equation [12], however the
presentation here is more conversational, and I have deliberately chosen to work
a more complicated example, for the reasons mentioned above.

The final section is more directly related to a physical application. Nöther’s
theorem, namely that to each continuous symmetry of a mechanical system there
corresponds a conserved quantity, is introduced and proven in the manner of
Desloge and Karch in an article in the American Journal of Physics [16] where I first
saw it. Some exercises are suggested, which include scaling symmetry of the inverse-
cube law force and a case of helical symmetry.
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Chapter 1

Groups

A group ·G( , ) is a mathematical system with a set G and one operation · ‘dot’. The
operation is a mapping from pairs of elements in G back into G. The group is closed
under the operation, so that if a and b are in G, then one writes, · =a b c, where c is
someother element inG. Sometimes the operation is called a product ormultiplication,
andones says ‘a timesb’, even though thedot neednot be commutative.The dotmaybe
omitted so that as in ordinary multiplication the group operation is represented by
juxtaposition, =a b c. The operation in a group has other properties as well. To wit,
a group consists of a set G of elements and an operation · defined on them such that:

• (closure) if ∈a G and ∈b G then · ∈a b G and also · ∈b a G;
• (associativity) if a b, and c belong to G, then · · = · ·a b c a b c( ) ( ) ;
• (existence of identity) there is a particular element e in G such that, for each

∈a G, · =e a a and · =a e a;
• (existence of inverse elements) for each ∈a G there is a unique element in G
denoted by −a 1 which has the property · =−a a e1 and also · =−a a e1 .

In general, a group need not be commutative or ‘abelian’. An abelian group is one
for which, in addition to these four properties, has the property:

⋄ · = ·a b G a b b a(commutativity) for each and in , .

A group without this extra property may sometimes be called non-abelian just for
emphasis.

1.1 Permutations and symmetries
Groups can be either finite or infinite, meaning there is either a finite or infinite
number of elements in G. The order ∣ ∣G of a finite group ·G( , ) is the number of
elements in G. For finite groups, one can write a Cayley table to define the operation.

doi:10.1088/978-1-6817-4449-0ch1 1-1 ª Morgan & Claypool Publishers 2017
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This is a group multiplication table, except that the redundant column and row for
‘e times’ and ‘times e’ are usually deleted to save space.

For example, consider the group of symmetry operations of an equilateral triangle
with vertices numbered a b c{ , , }. So the symbol a b c{ , , } in this context means the
ordered set of vertices. These vertices are originally in positions labeled 1, 2, 3.
A symmetry operation on the triangle is one that preserves its general shape, so that
if one were to rotate it by 120◦ for example, it would look exactly the same as before.
Two symmetry operations, a rotation R and a flip A, are illustrated in figure 1.1. We
can think of the original positions as boxes. Rotating or flipping the triangle is really a
matter of moving the vertices around to different boxes. Denote a cyclic permutation
operator, or an n-cycle, by an n-tuple of integers in parentheses. For instance, the three-
cycle i j k( , , ) acting on the set of vertices of the triangle moves the vertex currently in
box i to box j, moves the vertex currently in j to k, and moves the vertex currently in k
to i, in cyclic fashion. When applying the operation, the boxes remain fixed and the
corners a, b, and c move around amongst the boxes. Then, for example, the rotation
could be represented as an application of the three-cycle =R (1, 2, 3) by the equation

= =R a b c a b c c a b{ , , } (1, 2, 3) { , , } { , , }.

So R is a rotation operator. The usual convention is that if the symmetry operator
does not move a vertex, the vertex is not listed. The transposition i j( , ) just inter-
changes vertices i and j leaving the other vertex fixed. Then for example, the
reflection symmetry of the triangle that exchanges vertices 1 and 2 leaving 3 fixed is
(1, 2). From now on I will use juxtaposition, as one does for ordinary multiplication,
to signify the group operation rather than the more awkward dot.

= = =A R a b c a b c a b c a c b{ , , } (1, 2) (1, 2, 3) { , , } (1)(2, 3) { , , } { , , }.

Figure 1.1. Two illustrations of cycle operators from the symmetry group of a triangle. A and R denote a flip
(or reflection) and a rotation, respectively.
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As was mentioned already, the group operation is sometimes referred to as a
multiplication, even though it may not be commutative. So now this multiplication
can be performed with no reference to pictures, or multiplication tables, since one
can just perform successive substitutions. It is easy to multiply cycles as operators.
The cycles give a sort of concrete representation of the operation, in that sense. For
instance, bearing in mind that the cycle to the right operates first,

=(1, 5, 3, 2) (1, 6, 2, 4, 5) (1, 6) (2, 4, 3) (5).

Thus it is always possible to reduce a product to a sort of standard form. By a
standard form (sometimes called a normal form) of some expression or quantity
I will mean a form in which two such quantities are equal if and only if their
standard forms are identical. This is important when you want to know whether the
two things are equal or not. So in this case the standard form is the product of
disjoint cycles, or cycles such that no index value appears in more than one of them,
each cycle in lexicographical order, i.e. starting with the lowest index. The result in
this case is (1, 6) (2, 4, 3) (5). The final factor (5) is dropped because it is really just
the identity, meaning ‘take 5 into 5 holding everything else fixed’. Thus (5) really
keeps everything fixed, so (5) or (2) or any other singleton acts as the identity 1.
It should be clear that one can permute entries in a given cycle cyclically, or can
multiply the disjoint cycles together in any order, and still have a representation of
the same group element. The order of multiplication of the cycles would be
important if they were not disjoint.

The Cayley table for the triangle symmetry group with (1) representing the
identity is

(1) (1, 2, 3) (3, 2, 1) (1, 2) (2, 3) (3, 1)
(1, 2, 3) (3, 2, 1) (1) (1, 3) (1, 2) (2, 3)
(3, 2, 1) (1) (1, 2, 3) (2, 3) (3, 1) (1, 2)

(1, 2) (2, 3) (3, 1) (1) (1, 2, 3) (3, 2, 1)
(2, 3) (1, 3) (1, 2) (3, 2, 1) (1) (1, 2, 3)
(3, 1) (1, 2) (2, 3) (1, 2, 3) (3, 2, 1) (1).

Since the Cayley table is not symmetric about its diagonal, the group of symmetries
of an equilateral triangle is not abelian.

One can see an interesting thing from the cycle structure: elements of the group
divide into different types according to whether the cycles look like ·( ), · ·( ) or · · ·( ).
These correspond to the identity, the flips (two-cycles), and the rotations (three-
cycles). So the cycle structure partitions the group into elements of different types.
These are different classes that have different cycle structure and represent different
kinds of operations. More will be said about classes in the next section. Different
cycle structures always correspond to different kinds of operations, but as we shall
see, different kinds of operations can sometimes have similar looking cycle structures.

Sometimes it is useful to speak of a semigroup, which is closed and associative,
but may or may not contain an identity. If it does, then any particular element in the
semigroup may or may not have an inverse.
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Finite groups arise in physics in connection with vibrations, quantum mechanics
of a few particles, etc. Thus there are certain special objectives so that within physics
one often visits topics in roughly this order: subgroups, homomorphisms, factor
groups, representations, orthogonality, character tables, symmetry of quantum
states, selection rules, etc. We will encounter most of these topics. However,
emphasis in these lectures will be on infinite rather than finite groups. In classical
mechanics (outside of the theory of small oscillations), continuum mechanics,
particle physics and in field theory, one often is interested in continuous groups, or
in particular Lie groups, which come up naturally in connection with differential
equations (DEs).

1.2 Subgroups and classes
The subgroup concept is important in the case of either finite or infinite groups.
Perhaps one could guess what a subgroup is from the name. In a group ·G( , ) if there
is a subset ⊆H G such that ·H( , ) forms a group under the same operation, then

·H( , ) is a subgroup of ·G( , ). Instead of using the full notation, one usually denotes
the groups simply by naming the sets of elements as G and H. Then H is a subgroup
of G, written ⩽H G. If in addition ≠H G, and H contains more than just the
identity, then H is said to be a proper subgroup of G, written <H G.

Here is a result useful for determining whether or not a subset H of a group G is
actually a subgroup of G. I will put it in the form of a small theorem. There will not
usually be proofs in the material presented here. These lectures are not on
mathematics per se, and so informal proofs will be given only when they are very
easy or very instructive. In this case, the proof is easy and the result is quite useful,
especially for finite groups.

Theorem. If ·G( , ) is a group and H is a subset of G, then ·H( , ) is a subgroup if and
only if whenever a and b belong to H, then · −a b 1 also belongs to H.

The proof is as follows. The operation of ·G( , ) is associative with respect to all
elements of G, and so it is still associative when restricted to elements of the subset
H. Of course, the open question at this point is whether ·H( , ) is closed with respect
to the dot, or whether the product of two elements in H might land outside H.
Putting this aside for the moment, suppose a is any element of H. One has by
hypothesis that · ∈−a a H1 so that the identity e is in H. Then for any a in
H, · =− −e a a1 1 is inH soH contains all the inverses. Finally, for any two elements a
and b inH, the fact that −b 1 is inH gives that · = ·− −a b a b( )1 1 is inH soH is closed
with respect to the dot. This completes the proof.

Group generators will play a role in the development of continuous groups. The
concept is demonstrated most clearly in a finite group. Consider any particular
element g of a finite group G, and form the set of all powers of g, namely

…g g g{ , , , }2 3 where = · −g g gn n 1. It follows by induction, using associativity,
that = +g g gm n m n. Multiplying different powers together corresponds to exponent
manipulations, just as in ordinary multiplication. Since the group is finite there must
be finitely many distinct powers. So, in the sequence of powers it must be that
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eventually =g gn k where ⩽ < < ∣ ∣k n G0 . Assume this is the lowest such n. It is
quite easy to show that for any power k, =− −g g( ) ( )k k1 1 . Call this −g k, and so one has

= · = · = =− − −g g g g g g e g, , the group identity .k n k k k n n k

The set = … − −H e g g g g{ , , , , , }n k2 3 1 comprises all distinct powers of g. If ∈a H
then =a g p for some power < < −p n k0 and =− − −a gn k p1 is also in H, I find by
computation that whenever a and b are both in H, then · −a b 1 is also in H so that

·H( , ) is a subgroup of ·G( , ). Also, since the computations are performed using
exponent manipulation, where multiplication of group elements corresponds to
addition of integers, it is clear that the subgroup H is actually an abelian (a com-
mutative) subgroup of G. Commutativity comes in this case from the associativity.
For instance,

= = =g g g g g g g g g g( ) ( ) .6 4 4 2 4 4 2 4 4 6

The group = …H e g g g{ , , , , }2 3 is the cyclic subgroup of G generated by the single
element g. One says that g is a generator ofH. A cyclic group is a group generated by
a single element.

An extension of this idea is to construct a subgroup starting from a subset S of
group elements in G. Form all possible, distinct powers and products of the elements
of S, in any order. There can only be finitely many of these, since there can be no
more than ∣ ∣G . Denote this aggregation of group elements as 〈 〉S . This subset 〈 〉S
must be closed under the group operation, since all distinct products are included.
The inverse of any element in 〈 〉S is in 〈 〉S because we have seen that in a finite
group the inverse of any element g is always some power of g. Thus, if a and b are in
〈 〉S , −ab 1 is also in 〈 〉S , and so it is a subgroup of G. It is the subgroup 〈 〉S of G
generated by the subset S. Since elements of S need not commute in G, 〈 〉S need not
be abelian.

One can refer to a generator or the set of generators of the group G itself. A
generator of a group is a minimal set of group elements such that the whole group
can be reconstructed by taking appropriate products of the generator elements and
their inverses. Usually, the elements of the generator are also called generators of the
group. So the term generator can mean—rather ambiguously—either a single
generator element, or a complete set of these elements.

As an example, for the triangle group, (1, 2, 3) and (1, 2) can be taken as
generators. Thus (1, 2) is ‘a generator’, while ‘the generator’, means a set such as

=S {(1, 2, 3), (1, 2)} which generates the whole group by taking products and
reciprocals. You could write = 〈 〉G S or more explicitly, = 〈 〉G (1, 2, 3), (1, 2) .

Classes. It was mentioned above that elements of a particular group can be
partitioned into classes, the members of which are all operations of a certain type.
To see what this means it is best to start with an abstract definition: two elements a
and b are said to be in the same class if there exists an element g in the group such
that

= −b g a g.1
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