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Summary

In 1976, several years before fractals became well-known, Douglas Hofstadter, then
a physics graduate student at the University of Oregon, was trying to understand the
quantum behavior of an electron in a crystal in the presence of a magnetic field. As
he carried out his explorations by graphing the allowed energies of the electron as a
function of the magnetic field, which he had theoretically calculated, he discovered
that the graph resembled a butterfly with a highly intricate recursive structure that
nobody had anticipated. It turned out to consist of nothing but copies of itself,
nested infinitely deeply. Originally dubbed “Gplot”—a “picture of God”—the graph
is now fondly known to physicists and mathematicians as the “Hofstadter butterfly”.

The butterfly graph is a rare quantum fractal exhibiting some parallels with other
well-known fractals, such as the Mandelbrot set, and it also turns out to be
intimately related to Apollonian gaskets, which are mesmerizing mathematical
kaleidoscopes—magical structures in which the images of tangent circles are
reflected again and again through an infinite collection of curved mirrors.
Apollonian gaskets can be decorated by integers at all levels, and similarly, the
butterfly can be decorated by integers at all levels that describe the quantization of
resistance, which is itself an exotic physical phenomenon called the quantum Hall
effect.

This book narrates the story of the butterfly and its connection to the quantum
Hall effect. It reveals how the secret behind the astonishingly precise quantization of
Hall resistance is encoded in the branch of mathematics called topology. Topology
reveals that there are hidden numerical quantities that unite a sphere and a cube
while distinguishing them both from a doughnut and a coffee cup. The deep
topological phenomenon underlying the quantum Hall effect is an abstract version
of the physics that underlies the daily precession of a Foucault pendulum; it can be
thought of as a quantum cousin to that precession, and it is known as the Berry
phase.

The book begins by remembering the ancient Greek mathematician Apollonius
who, around 300 BC, coined the terms “ellipse” and “hyperbola”, and who explored
the beautiful phenomenon of mutually tangent circles, ultimately leading to
Apollonian gaskets. This problem was rediscovered by the French philosopher
René Descartes, and then again by the chemistry Nobel laureate Frederick Soddy,
who glorified it in a poem titled The Kiss Precise. Using a few concepts of quantum
mechanics, the book mostly takes a geometrical approach, ultimately linking the
“kiss precise” of Apollonius, Descartes, and Soddy to the “precise quantization” of
Hall resistance and to the Hofstadter butterfly, which, when it is color-coded to
reflect the topological integers lurking in the quantum Hall effect, stunningly
displays the marvelous nature of that mysterious physical phenomenon.

May this exotic butterfly, today familiar to just a tiny community of physicists,
spread its colorful wings and fly to ever more distant and unknown territories!
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Preface

A bird doesn’t sing because it has an answer;
it sings because it has a song.

—Joan Walsh Anglund

In physics as in life, most fashions come and go. “Classics”—problems that continue
to fascinate for more than a generation—are rare. Superconductivity, for instance,
remains at the frontiers of physics thanks to the perennial hope that it will
revolutionize the world. String theory feeds the craving for a deeper unification, for
mathematical rules and laws that encode nature in some complex but beautiful way.
The Dirac equation for relativistic electrons, which led to the discovery of anti-
particles, and Einsteinʼs equations of general relativity, which have now penetrated
every household via the Trojan horse of GPS, are eternal poetic gospels of physics,
and are testimony to the unimaginable power and richness of theoretical physics.

The Hofstadter butterfly, discovered some forty years ago, is destined to be
immortal. In addition to its great visual appeal, it encodes one of the most exotic
phenomena in physics, the quantum Hall effect. The Hofstadter butterfly combines
the most fascinating mathematical aspects of fractals with the equally fascinating
physics associated with the quantization of conductivity. These two aspects are
intricately merged in a self-similar fractal energy spectrum. As Hofstadter stated in his
PhD thesis, he coined the term “Gplot” after his friend David Jennings, struck by the
infinitely many infinities of the surreal-looking spectrum, dubbed it a picture of God.

The physical system represented by Gplot is deceptively simple: an electron is
moving in the “flatland” of a two-dimensional crystal lattice that is immersed in a
magnetic field. The strange-looking graph shows the allowed and the forbidden
energies of the electron, as a function of the strength of the magnetic field. The
butterfly is formed exclusively of smaller copies of itself, nested infinitely many
times, and thus it forms a fractal, which is a very rare phenomenon in quantum
physics. Gplotʼs intricacy is the outcome of a “frustrated” physical system, which
results when nature is confronted with two distinct problems, each characterized by
its own natural period: on the one hand, an electron constrained by the square tiles
forming a perfect crystal lattice, and on the other hand, an electron moving in
perfect circles in a homogeneous magnetic field. Natureʼs elegant reconciliation of
these two opposing situations was a beautiful surprise.

At the time of its discovery, Gplot was appreciated by many for its visual charm
and mathematical intricacy, but it was generally considered by physicists to be an
object of mere theoretical interest. However, the recent experimental confirmation of
some of its properties has turned this once-exotic spectrum into one of the hottest
topics in condensed-matter and cold-atom laboratories around the world. Certain
aspects of the spectrumʼs complexity were recently demonstrated in experiments
involving measurements of samples of matter that were cooled down to very low
temperatures and subjected to very high magnetic fields. The key to observing the
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butterfly pattern of energy bands and gaps was the fabrication of a special material
composed of graphene and boron nitride, two substrates that have similar lattice
structures, and which, when overlapped at an angle, form a “moiré superlattice”.
This novel and ingenious experimental technique has pumped new energy into the
field, as is evident from many recent papers in some of the most prestigious technical
journals as well as from excited press releases for popular media.

The tale of the butterfly features stories inside stories. In the Prologue, readers will
get a first taste of this in the inspiring story of the discovery of Gplot by its
discoverer, Douglas Hofstadter. However, let me fast-forward almost forty years
and tell the tale of my own suddenly awakened interest in this famous object.

My love affair with Hofstadterʼs 1976 creation (or discovery, as he would put it)
came out of my recent studies, when it dawned on me that self-similar fractals that
encode some topological features exhibit a new type of order as topology gets encoded
at all length scales. I found this “reincarnation” of topology as a new kind of length
scale to be absolutely fascinating. I pictured it as a vivid drama in which each of two
powerful but opposing effects—namely, the global self-similarity and the topology—
tried to assert their authority, each one struggling to prevail, but ultimately having to
make some compromises. In short, the tale of fractals dressed with topology is a tale of
two competing forces, a tale of reconciliation and accommodation, in which both
parties not only contribute but cooperate in creating something new, unexpected, and
astonishing.

My revisiting of the butterfly fractal started with my attempt to understand the
interplay between topology and self-similarity, which turns out to be a chicken-and-
egg problem. The wild idea of devoting an entire book to the butterfly was conceived
when I found a relation between the butterfly and the beautiful ancient mathemat-
ical object called an Apollonian gasket. This structure starts out as four mutually
tangent circles, and then it grows stage by stage, in the end becoming an infinite set
of tangent circles on all scales—a mathematical kaleidoscope in which the image of
four touching circles is reflected again and again through an infinite collection of
curved mirrors. In 1938, chemistry Nobel laureate Frederick Soddy fell under the
spell of Apolloniusʼs four-circle problem, and he glorified its charm in a small gem of
a poem entitled “The Kiss Precise”.

As I explored the butterfly, I had the exquisite pleasure of seeing that the precise
tangency of infinitely many circles (the “kiss precise” taken to its limit) and the
precise quantization of Hall conductivity were connected in a subtle way, and this
first insight opened a pathway for me that I subsequently followed and explored, and
that led to this book. My presentation of the butterfly points out certain of its
features that are reminiscent of other well-known fractals, such as the Mandelbrot
set. One of the highlights of the butterfly landscape, decorated with integers, is the
lovely way that it is related to the rich family of Apollonian gaskets. Although quite
a few elusive mysteries still remain about the butterfly, I am excited to share my
“ℏ-butterfly” story with others—science students, young researchers, and even lay
readers attracted to fractals and intrigued by quantum physics.

As we approach the fortieth anniversary of the publication of Hofstadterʼs paper
(September 1976), it is timely to share its magic with a broader audience. On the
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theoretical side, many ideas of solid-state physics and of fractal geometry are packed
into Gplot, and on the experimental side, it is related to a new class of materials. All
of this breathes new life into this object of stunning beauty. The butterfly fractal is
thus a potential medium for bringing some of the joy of frontier physics to science
enthusiasts and for exposing them to the hidden beauty of the quantum world.

The task of writing each chapter in the book began with finding a quotation1 that
I hoped would convey the spirit of what I wanted to say in that chapter. I may not
have succeeded entirely in this effort, but the search for piquant quotes certainly
stimulated me and catalyzed my writing process. I also devoted considerable time,
effort, and thought to the creation of all sorts of figures and illustrations, believing
strongly that a picture is worth more than a thousand words, even at the risk of my
bookʼs being labeled a “picture book”. Some of my lifeʼs most challenging moments
have been when I attempted to explain my love of physics to people having no
background in science, including my father, who often quizzed me about what kind
of science I do. The book will show whether I have made any headway in this quest.

As I began writing this book, my childish instincts resurfaced, and I found that I
loved “dressing” the butterfly with Ford circles, trying out various color combina-
tions, some of which readers will encounter in the book. My favorite happens to be
the green–blue combination on the bookʼs cover, which is tied to a nostalgic
anecdote. In the good old days when I was a graduate student at Columbia
university, a loving American couple hosted me for my first American Christmas.
When I arrived dressed in a blue and green silk sari, my host spontaneously said to
her husband, “Didn’t I tell you blue and green form a perfect color combination?
They’re the colors of nature—the trees and the sky!”

Following Douglas Hofstadterʼs Prologue (in which he recounts the strangely
meandering and lucky pathway that eventually led him to Gplot) and my Prelude (in
which I give a brief overview of what is to come), the book begins with the above-
described problem of mutually tangent circles, remembering the great mathema-
tician Apollonius, who not only explored this problem around 300 BC, but who also
coined the terms “ellipse” and “hyperbola”. The story continues with the rediscovery
of this ancient problem by French philosopher René Descartes in 1643 and with the
poem written by Frederick Soddy.

Capitalizing on the geometrical visualization of rational numbers in terms of
Ford circles, I reveal the hidden nesting-structure of the butterfly graph, accom-
panying my readers through many refreshing physical and mathematical wonder-
lands. These include three Nobel-Prize-winning discoveries—namely, the quantum
Hall effect (1983), quasicrystals (2010), and graphene (2011)—as well as the
topological spaces of the Platonic solids, Foucaultʼs pendulum, and the Berry
phase. With peeks into the quantum world, the book mostly follows a geometrical

1My love for little quotes originated during my high-school exam days when my uncle Arjun told me a few
quotes, suggesting that I use them in my exam essays. I distinctly remember one of those quotes:

Beauty is to see but not to touch;
A flower is to smell but not to pluck.
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path, suggesting a relationship between the “kiss precise” and “precise quantiza-
tion”, explaining many subtleties of the butterfly plot using mathematics that is as
simple and elementary as possible, although of course at times it is neither simple nor
elementary.

This book—my first book ever—is my sincere attempt to share my personal joy of
discovery and understanding in relatively accessible language. It is hard to pin down
the exact audience for the book. I have tried to remain at the level of Physics Today
or lower, in the hopes that the book would attract a broad group of curiosity-driven
readers. It will of course be helpful if readers have some background in physics and
mathematics, but what is more important is simply that they be interested in science,
and fascinated by the beauty and power of mathematics to predict the way that
nature behaves.

Number theory—the mathematics of positive integers—is a universally appealing
field, and the book exploits this fact. There are, inevitably, numerous technical
discussions, which I have included for the sake of completeness, but which can be
skimmed or skipped by general readers. I hope that students, teachers, readers of
lay-level scientific articles, and even some professional physicists will find the book
intriguing. May my small book help this exotic butterfly, today familiar to just a tiny
community of physicists, spread its colorful wings and fly on to unknown and distant
lands!

Of course, even a book devoted entirely to the Hofstadter butterfly cannot
exhaust all its aspects. I extend my apologies to those whose favorite facet of the
butterfly has been left out, acknowledging that my discussion of the butterfly
primarily reflects my own personal understanding and taste. The presentation of the
butterfly in this book is extremely visual. The lucky fact that such an intuitive
approach exists is what allows a book on the subject to be aimed at nonspecialists. It
is my hope that this book will help the butterfly fractal to awaken as much interest as
have other fractals, such as the Mandelbrot set, and that this will in turn help
quantum science to reach a broader audience.

Although some important aspects of the butterfly graph have not been mentioned
in this book, I have tried in the Selected Bibliography to include all of the most
important references, and interested readers who access these articles will get a sense
of the vast sea of ideas from many facets of physics and mathematics that are hidden
in the subject. Needless to say, these additional ideas related to the Hofstadter
butterfly further “speak” and reveal the beautiful mathematics that runs through the
literature on this subject. It is my hope that readers will be able to appreciate this
beauty even if they do not fully comprehend it. As T S Eliot wrote, “Genuine poetry
can communicate before being understood…”.

Despite the remarkable progress that has been made since 1976, many aspects of
the butterfly graph are still not understood. There is no gainsaying the fact that a
number of profound new mathematical ideas have been unearthed and put to use in
the quest to understand the butterfly’s fractal magic. Nonetheless, these mathemat-
ical formulations have not yet fully characterized the very complex nature of the
graph. Attaining a complete understanding of the Hofstadter butterfly still remains
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an open challenge. In my personal view, although much beautiful mathematics has
been done, it does not yet glow with the purest type of mathematical beauty. One is
almost reminded of what Paul Dirac once said about quantum electrodynamics:
“I might have thought that the new ideas were correct, if they had not been so ugly.”

Many years ago, my ten-year-old son Rahul, who in his childish innocence
believed that “book-writing makes you famous”, asked me why I wrote articles
instead of books. “Perhaps I will do that when you go to college,” I replied. So the
book-writing task is long overdue. Attempting to write a popular book about a
fractal in solid-state physics might be a crazy idea, but might it also be a path to
sanity? Let me quote the Chilean poet Vicente Huidobro: Si yo no hiciera al menos
una locura por ˜ano, me volveriá loco—“If I didn’t do at least one crazy thing each
year, I would go mad.”

Finally, I want to say that I am writing this book because I feel I have a story to
tell. However, I am by no means an expert in all the topics touched on in this book,
and it is undoubtedly imperfect in all sorts of ways. I therefore welcome all
suggestions, comments, and critiques, and I will be extremely grateful to anyone
who brings any errors that they may find in this book to my immediate attention.
Fortunately, the “e-book” version will allow me to make changes at any time, even
after the book has been published, and I hope that this freedom will be useful in
improving the presentation of various scientific ideas and results, and in correcting
errors in the future. I also invite readers to send me their poetic verses about the
Hofstadter butterfly, if they happen to compose any. Their verses will find a home in
some cozy corner of my web page, and may even appear in revised versions of the
book.

Writing this book has been an incredible experience, exposing me to parts of
myself that I had never dreamed of. This book is not only about the science that I
love dearly, but also about everything else that I admire and adore deeply. I have
been stunned by the intensity with which it has engrossed and consumed me,
constantly posing ever deeper challenges and revealing new heights to transcend.
It has been a rare joy that can only be experienced and cannot be expressed in
words.

No journey is truly fulfilling unless one dares to take unpredictable little detours,
leading one to stumble across quaint spots whose existence one would never have
suspected otherwise. In the spirit of such a search of the unknown, I came across a
bigger picture, in which poetry, music, and the joys of nature added to my originally
purely scientific approach, filling out the picture in a richer way.

I am truly blessed to have a family that enriched and shaped my life with many
such treasures. This book is a tribute first of all to my father, who gave me the
precious gift of the love of poetry; it is to him that I dedicate this book. The book is
also a tribute to my two children, Rahul and Neena—my everlasting joys who, with
their music, have brought such profound harmony to my life. Finally, the book is a
tribute to my dear husband Sushil, who introduced me to the boundless love of the
outdoors, which has allowed me to take delight in the endless beauty of real
butterflies.
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So here is my very first book—and I dream of an audience touring a historic site
dating from 300 BC, relaxing now and then with bite-sized items picked from a
savory smorgasbord, and with exotic cocktails of quotations, poetry, art, and music!

Mymother used to say that life begins at forty. That was her age when she had her first
baby. I say that life begins at fifty-five, the age at which I published my first book.

—Freeman Dyson.
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Prologue
The grace of Gplot

Douglas Hofstadter

When I was in my late teen-age years, as a young mathematics major at Stanford, I
intoxicatedly explored the endlessly rich world of integer sequences. This several-
year odyssey was the first, and probably the most deeply rewarding, period of
scientific research in my entire life. It was all launched one day in February of 1961,
shortly after I turned 16, when I decided to take a look at how the triangular numbers
(positive integers of the form 1 + 2 + 3 + ⋯ + n) are distributed among the squares.
On a sheet of paper, I wrote out the first few dozen triangular numbers—1, 3, 6, 10,
15, 21, 28,… (calculating them by hand)—and also the sequence of squares—1, 4, 9,
16, 25, 36, 49, …. Then I proceeded to count how many triangles there were between
successive squares.

The sequence I thereby got—2121121212112121121212112…—seemed to be
composed solely of 1s and 2s, and it hovered fascinatingly between regularity and
irregularity. Its way of closely approaching but always evading periodicity tantalized
me no end. Soon I was unable to resist going upstairs to my Dadʼs little study, where
on his desk he had a Friden electromechanical calculator (kind of like a cash register,
but a little more sophisticated, since it could multiply and divide large numbers). For
a few hours, I punched buttons on the Friden machine (which, back in those days,
was quite fancy technology), and in return I got back many more triangles and
squares, which I dutifully copied down on a much larger piece of paper. Counting
the former between the latter confirmed my earlier observations that my sequence
was made of just 1s and 2s and that it continually skirted but ever eluded periodicity.

After playing around for quite a while with the 100 or so terms that I had
generated of my sequence, I eventually discovered that if you break it into two types
of chunks, as follows:

21 211 21 21 211 21 211 21 21 211 21 211 21 211 21 21 211…

then if you count the black 21s between the red 211s, you get the following sequence:
212112121211212112…—and this is exactly the same sequence all over again! This
purely empirical discovery was absolutely electrifying to me. (Had I been a
Pythagorean, I’m sure that 40 oxen would have been sacrificed in honor of the
discovery of this astonishing unexpected pattern!) A year or two later, having gained
considerably in mathematical sophistication, I was at last able to prove rigorously
the lovely fact that I had discovered, but proving it wasn’t nearly as exciting or as
important to me as the experience of finding the beautiful, unforeseen pattern.

The addictive excitement of this first number-theoretical discovery of my life
pushed me to try to make analogous empirical discoveries, and I thus embarked on a
very long voyage, in which I created a series of leapfrogging analogies that led me
from one empirical discovery to another to another. I was tremendously excited—
not only by the exquisite patterns of numbers that I was uncovering, but also by the
intricate patterns of ideas that I was creating, which formed a dense web of
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mathematical analogies that I had never dreamt existed. (I talk about this in more
detail in the book Fluid Concepts and Creative Analogies.)

Those years (roughly 1961–65) were an amazingly exciting and magically fertile
period of my life. Many of the new discoveries I made at that time were made by my
writing computer programs and running them late at night on Stanford Universityʼs
only computer at the time—a Burroughs 220, hidden in the basement of the old,
decrepit, and in fact mostly abandoned Encina Hall. Hardly anyone on campus even
knew of this computerʼs existence, let alone how to program it. In those days of the
early 1960s (or actually, those nights, since day in, day out, all day long, the B220
was used by some bank down in San Jose that co-owned it), I was doing what later
would come to be known as “experimental mathematics” (in this case, experimental
number theory), and I made literally hundreds of small, interrelated discoveries,
some of which, ex post facto, I was able to prove, but most of which I never bothered
to prove or never was able to prove.

To my mind, I was doing mathematics (or if you prefer, exploring the very real,
concrete, down-to-earth world of integers) very much as a physicist explores the real,
concrete, physical world. My Dad, an experimental physicist at Stanford, was my
prototype for this analogy. Using a powerful 400-foot-long linear accelerator (huge
for those days!), he sped electrons up to very close to the speed of light and then
made them “scatter” off of atomic nuclei; from the angular distribution of the
scattered electrons, he and his graduate students and post-docs were able to deduce
the hidden inner structure of nuclei and even, eventually, of the mysterious proton
and neutron. This research was extremely fascinating to me, and in my analogy
likening myself to my Dad, the Burroughs 220 computer ensconced deep in Encina
Hallʼs entrails was my “linear accelerator”, while my various computer programs
(written in the elegant and then-new language called Algol) were carefully designed
experimental setups that revealed to me unsuspected truths of nature. Using a
powerful tool (and for those days, the B220 was indeed quite powerful!), I was doing
my own kind of “scattering experiments” and uncovering deeply hidden truths about
elemental “objects” in this world. I loved this analogy, and the more I did my
number-theoretical explorations, the truer it rang for me. After all, integers, to me,
were every bit as real and as tangible as nuclei and subnuclear particles were to my
Dad.

I have to stress once again that for me, deduction, or theorem-proving, was only a
very small part of the act of “doing math”, and not nearly as exciting or important a
part of it as computational exploration. The main parts of “doing math” were: (1)
using my fervent analogy-driven imagination to invent new number-theoretical
concepts galore to explore, and then (2) performing the computer experiments and
seeing how they came out. I was thus a dyed-in-the-wool experimentalist in number
theory, not a theorist, and as such, I stumbled upon many marvelous miniworlds of
mathematical ideas to explore.

It turns out that a fair percentage of the phenomena I was investigating with my
metaphorical “linear accelerator” had never been explored before, and so I was
breaking brand-new territory, although I unfortunately didn’t publish any of my
findings. (At the time, I didn’t have the foggiest idea about how to publish an article,
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nor about the importance of doing so—I was just intoxicated with the fervor of my
explorations. To me, that sublime joy was all that really counted.) Eventually,
though, and to my gratification, a very small handful of teen-aged Dougʼs ideas
became somewhat well-known, since in 1979 I published a tiny sprinkling of them in
my book Gödel, Escher, Bach, and in subsequent years, I had conversations about
some of them with a few influential mathematicians.

One of my favorite discoveries of that magical, unforgettable period of my life was
a function of a real variable x that turned out to have a very odd, almost paradoxical
kind of behavior. I dubbed this function “INT(x)” because in order to calculate it,
you had to interchange two infinite sequences of integers—coun(x) and sep(x)—that
were derived from x. I won’t explain here how, given a specific value of x, these
sequences were calculated, but I’ll give two examples. For 2 , the coun-sequence was
simply 1, 1, 1, 1,… and the sep-sequence was 2, 2, 2, 2,… Complementarily, for the

golden ratio +1 5
2

, the coun-sequence was 2, 2, 2, 2,… and the sep-sequence was 1, 1,
1, 1,…. This symmetrical “partnership” of two very important real numbers
fascinated me. Indeed, it made me wonder about the “partners” of other famous
real numbers, such as π and e, and this in turn inspired me to define a new function of
an arbitrary real number x. Specifically, I defined INT(x) to be that real number y
such that yʼs coun-sequence was xʼs sep-sequence, and vice versa. Of course, this
meant that whenever =y xINT( ), then symmetrically, =x yINT( ), and thus, for
any x, =x xINT(INT( )) . I explored INTʼs nature empirically, using the good old
Burroughs computer once again, and my first blurry visions of INT came from my
very crude hand-done plots of it.

Back then, there were no computer screens to see anything on, and not even any
plotters of any sort; instead of displaying any shapes, the 220 merely printed out long
tables of real numbers for me, which were the Cartesian coordinates of points
making up the graph of INT. I was interested in the shape of the graph between any
two successive integers (e.g., 1 and 2, or 11 and 12), since the way INT was defined,
that shape was exactly the same for all such pairs. And so, when for one such length-
1 interval on the x-axis, I plotted these points by hand, using a pencil on a piece of
graph paper, they seemed to form something like a diagonal line broken up into
perpendicular rib-like pieces of different sizes, but I didn’t really understand what I
was seeing, so I then naturally asked the 220 to calculate for me the coordinates of
lots of points belonging to a single particular rib that I chose. When I plotted those
points, I was very surprised to see perpendicular “sub-ribs” of that rib starting to
come into focus—and so on. It was quite painstaking work, but it was truly exciting
to my teen-aged mind when I started to catch onto what was happening.

Seen from very far away, the graph of INT looked like the infinite 45-degree line
y = x (see figure P.1). But if you zoomed into it a bit, you would see that this
upwards-sloping line was more like a picket fence than a line, since it was made up of
an infinite number of identical, non-touching “backslashes” (the downsloping
diagonals of all the 1 × 1 squares climbing up the line y = x, much like the steps
of a staircase). Figure P.2 shows just one of these infinitely many backslashes,
nestled inside the square whose southwest and northeast corners are the points (0, 0)
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and (1, 1). Each such backslash, when plotted in detail, turned out to be made of an
infinite number of yet smaller, upsloping, and slightly bent “ribs”, and the ribs were
made of “sub-ribs”—and on and on this went, infinitely far down. In short, INT(x)
had revealed itself to me to be an infinitely nested visual structure—and what a thrill
it was to discover that!

Another big thrill for me was when I saw that at every rational value of x, INT(x)
took a discontinuous jump, and that, roughly speaking, the “more rational” x was,
the bigger the jump—thus, the jumps at =x 1/2 and =x 1/3 (“very rational” points)
were very large, while the jump at =x 5/17 (far “less rational”, in a certain sense)
was very tiny. Of course what I meant by the phrases “more rational” and “less
rational” had to be worked out, but once I had done that, I realized that my catch
phrase about jump sizes implied that at irrational values of x, INTʼs jumps were all
of size zero, which meant that at those points, INT was perfectly continuous!
Coming to understand how this crazy-sounding kind of behavior was actually
perfectly possible was one of my lifeʼs most exciting moments.

Today, wild shapes such as INT are known as “fractals”, and because of their
eye-catching nature, some of them, such as the Mandelbrot set, are familiar even to
people who have never studied mathematics. Back then, however (I’m speaking of
roughly 1962), this kind of visual structure, nested inside itself over and over again
without end, was extremely unfamiliar and fascinatingly counterintuitive. Over the
next year or two, thanks to my exploration of INT and its close relatives, such nested
behavior, though initially terribly weird-seeming, became part of my most intimate
mental makeup, and many years later, this deep knowledge would have a totally
unexpected and marvelous payoff.

Well, I could tell much more about that exciting period of my life, but this brief
sketch gets the main idea across: as a math-intoxicated teen-ager in the early 1960s, I
discovered a marvelous bouquet of beautiful truths about the world of mathematics

Figure P.1. INT as seen from afar. If one squints, it simply looks like the rising 45-degree line y = x, but if one
looks more carefully, one sees that it is broken up into many short “backslashes” (these are shown in red).
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by inventing new ideas via a long, joyous series of leapfrogging analogies, and then
by doing computational experiments to explore these new ideas.

In 1966, I entered graduate school in mathematics at Berkeley, shooting for a
PhD in number theory (what else?). Unfortunately, my brief time there turned out to
be very traumatic. In my first year, I had to take several required courses, all of
which were almost forbiddingly abstract. I managed to get decent grades in them all,
but only by the skin of my teeth, and the ideas didn’t sink in at all. I couldn’t
visualize anything, and most of the time my eyes just glazed over. In my second year,
hoping for relief, I took a non-required course that announced itself as being about
number theory, but I soon found out that actual numbers (that is, my old friends the
integers) were essentially never mentioned by the professor. The integers came up
only once in a blue moon, and even then, always as a mere example—usually a
trivial example!—of far more general theorems about very abstract kinds of number
systems that were totally nonvisualizable. I, who loved the visual and the concrete,

Figure P.2. One backslash of the graph of INT, between x = 0 and x = 1, made out of infinitely many “ribs”,
which are in turn made out of “sub-ribs”, and so forth, ad infinitum. The largest rib on the left side is nestled
between =x 1/2 and =x 1/3, the next-largest one between 1/3 and 1/4, and so on. The nearer you get to the
upper left-hand corner, the shorter the rib is (and the straighter). Each of the ribs is in fact a perfect “copy” of
the entire backslash, except, of course, for being smaller and gently bent a little bit. The right half of the
backslash is identical to the left half, only rotated by 180 degrees around the exact center of the containing
square.
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was repelled by all of this. It was becoming apparent to me that mathematics—at
least math as done at Berkeley—was hugely different from what I had thought it was
during my intoxicating period of discovery in number theory at Stanford.

After roughly a year and a half of this very discouraging beating of my head
against what I later came to call my “abstraction ceiling” (a phrase I coined just a
few years ago), I finally realized that I was going to have to bail out of mathematics.
I was caught wholly off guard by this turn of events, because my heady under-
graduate years at Stanford had led me to the absolute certainty that mathematics
was my “manifest destiny”. I had been as sure as sure could be that I would just sail
through math graduate school and become a top-notch number theorist, and yet
now all these youthful dreams were being revealed to have been pipe dreams. I
desperately asked myself, “What on Earth can I do in life, if not mathematics?”

As I mentioned earlier, my Dad was a physicist, and I had always found the ideas
of physics (or at least those of particle physics) mesmerizing, but unfortunately I had
had pretty bad experiences in high-school physics—and later, as an undergraduate
math major at Stanford, in Halliday-and-Resnick physics courses. Math majors
were required to take four quarters of physics, and those four quarters were really
rough for me, their nadir being hit when I received an F in Physics 53 (Electricity
and Magnetism)—and deservedly so! During the quarter, I had not applied myself
whatsoever, and I went into the final exam as a know-nothing, and thus got as low a
grade as could be gotten. The snag was, I could not graduate from Stanford without
having a passing grade in E&M, and so, one year later, I had to retake the E&M
course (and from the same professor, who, to make matters worse, was a good friend
of our familyʼs). That second time around, by determinedly working my tail off in a
way that I had never before done in my life, I replaced that mark of shame with an
A–, which remains in my memory as one of my lifeʼs proudest moments.
Nonetheless, that hard-won A− didn’t at all inspire me to consider pursuing physics
as a possible profession. I had had far too many hard knocks to my self-esteem in
physics, and from high school on, math had always seemed my forte, hands down.
But now that the math option had been painfully ruled out by even harsher knocks
to my ego in grad school in Berkeley, physics had to come back into the picture as a
possibility.

Berkeley was quite wild in the 1960s, full of revolution and upheaval and chaos,
and my personality was such that I badly needed a far calmer environment. It
happened that I had a very close friend who had just started graduate school in
biology way up north, at the University of Oregon in Eugene, and when, late in the
fall of 1967, I visited him there, partly in order to test the waters of my idea of
switching to graduate school in physics, I was impressed by the campusʼs beauty.
Moreover, in contrast to Berkeley, both the town and the university felt friendly,
even serene. Best of all, I was given a very warm welcome as a potential grad student
by all the physics professors I met, and this was extremely encouraging. The upshot
of it all was that in January of 1968 I jumped ship in two ways—first, in jumping
from Berkeley to Eugene, and second, in jumping from number theory to physics.

When, in early January of 1968, I moved from Californiaʼs intense, tumultuous
Bay Area to Oregonʼs tranquil, rural Willamette Valley to open up this radically
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new phase in my life, my unquestioned goal was that of becoming a particle theorist,
since particle physics struck me as the sole truly fundamental area of physics. Other
areas of physics weren’t even on my radar screen. More than anything, I yearned to
be part of the noble quest to find out the deep, hidden nature of the mysterious
entities that make up the finest fabric of our universe. For my first couple of years in
Eugene, I was ecstatic about my choice to become a physicist, and I reveled in all my
courses, learning a huge amount of physics from them, and from some excellent
professors and some excellent books (most of all, volume 3 of the Berkeley Physics
Series, called simply “Waves”, by Frank S Crawford, Jr). I will always remember
that period of my life, marked by my profound excitement about the beauties of
physics, with great nostalgia. Not only was a dream coming true, but I was going to
be following in my fatherʼs footsteps. This was a very rare and precious gift.

However, after about two years, things slowly started to change flavor, catching
me off guard once again. The relatively recent ideas that I was supposed to be
learning in my more advanced courses started to seem a bit shakier and more
confusing, more and more arbitrary, and less and less beautiful. These ideas just
didn’t “take”, in the way that ideas in my earlier physics courses had taken. Worse
yet, the talks on particle physics given by distinguished visitors started to sound a bit
like science fiction, or even pseudoscience, rather than like solid science. This was
deeply shocking to me. My head started spinning, and as time went by, the spinning
only got worse.

Particle physics, aside from quantum electrodynamics, just didn’t make sense to
me. The theories of the strong and weak interactions seemed filled to the brim with
horrendous and arbitrary ugliness, rather than sparkling with sublime and pristine
beauty, and I just couldn’t swallow them, sad to say. I was so profoundly skeptical
that I felt a kind of emotional nausea every time I picked up some random high-
energy preprint in the library of the Physics Departmentʼs little Institute for
Theoretical Science. Particle physics was unfortunately turning out not to be at all
what I had thought it was, only a few years earlier.

It may sound as if I had once again hit my “abstraction ceiling”, and perhaps that
was part of what was going on, but I actually think this experience was quite
different from what happened with math in Berkeley. Rather than an abstraction
ceiling, I would say I was hitting up against an “absurdity ceiling”, or an
“implausibility ceiling”, or even a “grotesqueness ceiling”, if I may use such strong
language. The sad truth is, the strange ideas I was surrounded by night and day
made me reel with an almost visceral disgust. I won’t go so far as to claim that my
aesthetic revulsion was caused by the objective wrongness of the ideas; after all, I am
not privy to the ultimate nature of the laws of physics. But I do know that what I was
reading in papers and hearing in talks clashed violently with my personal sense of the
beautiful—and from so much time spent with my Dad, I had absorbed an
unshakable belief in the great beauty and simplicity of the laws of nature. To be
sure, my professors often felt that the ideas I was railing at for being “as ugly as sin”
overflowed with beauty, so what could I say? We just had to agree to disagree.

All this put me in the very weird position of essentially having to ask myself
whether I trusted my own mind over the collective minds of all the particle physicists
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in the world—which included so many undeniable geniuses! It would seem the height
of arrogance for me to insist that I was right and that they were all wet, and yet I was
unable to knuckle under and accept the ideas that repelled me. After all, doing so
would have amounted to sacrificing my own belief system at an altar that felt as if it
had been created by aliens—and worse yet, if I gave up on my faith in my own
deepest ideas and my most precious intuitions about the nature of the world, then
what could I trust? What could I turn to? You can’t just jump in bed with a set of
ideas you hate! In short, the situation was very unstable. I churned and churned for a
long time, desperately seeking some ideas that I found beautiful and could believe in,
but no matter how hard I searched, none turned up. And since I was constitutionally
unable to believe in the reigning doctrines of particle physics, there was no way I
could do research in the field, because there was nothing to guide me, nothing solid
to grasp onto, nothing to place my faith in. It was all treacherous quicksand, to me!

This period of dramatic change was a horrible, bitter time in my life. I jumped
from one potential advisor to another to another, but although I intellectually
admired them all and was personally very fond of each of them as well, nothing that
I tried with any of them worked out, to my true dismay. After four years of
extremely painful struggle, I realized that my dream of joining the ranks of particle
theorists, noble though it had been, was going up in smoke. I became very frightened
that I would never get a PhD at all. All of a sudden, my entire lifeʼs future felt
completely up in the air.

Things really hit the boiling point on one fateful day—December 14th, 1973, to
be precise. That day, as I was approaching my 29th birthday, I took a huge risk and
bailed out once again. The occasion was a “brown-bag lunch” at the Institute for
Theoretical Science, in which I was presenting to the small, very friendly particle-
physics group the ideas in a recent Physical Review article whose three authors, in
order to forge some kind of more abstract unity in the “particle zoo” (and, I must
admit, this was undeniably a type of aesthetic quest on their part), had the gall to
propose a huge family of hypothetical new particles—over 100 of them!—at one fell
swoop. Well, I couldn’t help but compare this shocking audacity with the great
Wolfgang Pauliʼs striking timidity, back in 1930, about proposing just one new
particle (which Enrico Fermi later dubbed the “neutrino”). Pauli was extraordinarily
reticent about making this suggestion because to him it seemed so extravagant, but
he finally took the plunge and dared to go out on that shaky limb because he knew
that this far-fetched idea might be able to save, simultaneously, all three of the most
central conservation laws in all of physics (conservation of energy, conservation of
momentum, and conservation of angular momentum). In other words, Pauli did
what he did only out of supreme desperation, in an attempt to save the deepest laws
of physics. The three authors, however, were just making a wild guess, a random
shot in the dark, and trying to justify their chutzpah by couching it in pages of
fashionable, virtuosic, grand-sounding group-theoretical language. What a contrast!
I had studied this three-author paper for weeks but had found it so outrageous, so
implausible, and so unbelievably ugly that at the end of my talk, I threw the paper
down and bitterly cried out, “These people have no sense of shame! I’m getting out
right now. I’m quitting particle physics! I’m done with it!” And then I bolted out of
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the room, trembling at what I had just done. Of course I wanted to jump ship once
again, but I saw no other ship to jump to. Particle physics had been my Holy Grail,
and giving up on it was deeply traumatic to me. Echoing my anguished thoughts six
years earlier upon dropping out of math, I desperately asked myself, “What on
Earth can I do in life, if I can’t study what is truly fundamental about nature?”

Once again, I felt nearly lost. Here I had invested six years in physics graduate
school, yet I had absolutely nothing to show for it. I didn’t even have an advisor or a
research area any more. In deep confusion, I went around to several professors in
other branches of physics, asking them what kinds of problems they might be able to
give me if I were to become their student. I had brief chats with a couple of solid-
state theorists who were very nice to me, but nonetheless, talking with them about
possibly working with them felt like a horrible blow to my ego. After all, I had long
been convinced that solid-state physics was essentially just glorified engineering, and
in such practical matters I had zero interest. I wanted to think only about the
deepest, most basic things in nature! I feared that I was wandering into the slums of
physics, and I felt deeply ashamed of myself for doing so. So prejudiced was I that I
almost had to hold my nose. This may seem very funny to you, but it is absolutely
true.

Very luckily, right at that time, my close Chilean friend Francisco Claro (figure P.3
shows us forty years later), who had gotten his PhD at Oregon a couple of years
earlier under the distinguished solid-state theorist Gregory Wannier, came back to
Eugene from Santiago to work again with Wannier for a few months. At this point I
really should pause for a moment to say a few words about Professor Wannier, since

Figure P.3. Douglas Hofstadter and Francisco Claro savoring Bach in Santiago, Chile, 2014.
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he played an absolutely central role in what was to follow, although of that I of
course had no inkling whatsoever, at the time.

Gregory Wannier was born in Basel, Switzerland, in 1911 (four years before my
Dad was born in New York City), and he grew up in the German-speaking part of
Switzerland. He came to the United States as a post-doc in the mid-1930s, and
stayed here for good. Although he was in his mid-twenties when he arrived, his
English nonetheless sounded pretty much native, which was always very impressive
to me. (I do, however, remember—and with great amusement—that one time, when
he was probably very tired, he slipped and referred to hydrogen as “waterstuff”—a
compound word precisely mimicking the German word “Wasserstoff”!) Wannier
spent a year or two at Princeton as a post-doc when my Dad was there as a grad
student, and they knew each other from those old days. When I first went to Oregon
in 1968, my Dad made sure that I got in touch with his old friend Gregory, who he
described to me as “a bit of an odd duck, but an excellent physicist and a friendly,
gentle person”. Indeed, Professor Wannier was immediately friendly to the son of his
old friend Bob, and over the next few years I enjoyed many a dinner at his home. He
loved history, and I remember him boasting one time that no matter what year I
named after 1000 AD, he knew some historical fact about that year. So I duly named
some random pre-Renaissance year, and he instantly came out with some fact about
it, which was confirmed by the encyclopedia that he kept ready at hand, right next to
the dining-room table. Yes, Gregory Wannier was an odd duck, all right, but a very
pleasant one. And many people considered him to be the most distinguished
physicist who was ever at the University of Oregon.

Now where was I? Ah, yes—Francisco Claroʼs return visit to Eugene in early
1974. Well, for those few months, Francisco and I spent almost all our free time
together. During this crucial period in my life, he told me that my prejudice against
solid-state physics was wrong, and that doing solid-state actually meant participat-
ing in the building of a deep and subtle bridge linking the alien microworld of
quantum mechanics to the everyday macroworld of tangible phenomena. He said
that solid-state physics explained how the familiar properties of matter emerged
from deeply hidden properties of particles and atoms. And thus Francisco managed
to make solid-state physics sound fundamental and perhaps even beautiful, after all.

What finally turned the trick were the casual words of a Stanford physics grad
student whom I met one day around that time. This person, whose name I never
even learned, offhandedly said to me, “Particle physics is physics thatʼs done in a
continuous vacuum, whereas a solid—that is, a crystal—is a discrete vacuum, like a
periodic lattice as contrasted with a perfectly smooth, homogeneous space. Particle
physicists have only one vacuum to explore, whereas solid-state physicists have a
vast number of different kinds of vacuum to explore—as many kinds as there are
different crystals.” To me, this characterization of crystals was amazing and hugely
provocative, and it quickly brought to my mind the image of the integers as a
periodic one-dimensional crystal lattice along the real line, and that in turn made me
ask myself, “So solid-state physics is to particle physics as number theory is to
analysis? Really!? Wow!!!” This off-the-wall analogical insight suddenly and
radically changed my perspective—and eventually, my life.
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Encouraged by Francisco Claro, I went and had a conversation with Gregory
Wannier, who welcomed me very warmly as a potential doctoral student, suggesting
that if I were to work with him, I might tackle, for my thesis, one of his all-time
favorite problems—namely, the long-standing enigma of the allowed energy values
of crystal electrons—or Bloch electrons, as they are often called—in a uniform
magnetic field.

As I type this famous physics name, I feel the need to make yet another brief
digression. Although it has nothing to do with physics per se, I cannot fail to
mention with pride and pleasure that I grew up knowing the great Swiss-American
physicist Felix Bloch (see figure P.4) and his entire family. Like Gregory Wannier,
Felix Bloch was born in German-speaking Switzerland (Zürich, in Felixʼs case), and
he grew up there. He was Werner Heisenbergʼs first PhD student, and the two of
them used to ski in the Alps together. Also like Wannier, Felix Bloch came to the
United States in the mid-1930s, but unlike Gregory, he spoke English with a strong
Swiss-German accent. Among many other achievements, Felix was the founder of
solid-state physics (and yet, astoundingly, that is not what he won the Nobel Prize
for!). He also was the first Director-General of CERN, the famous European Center
for Nuclear Research, located in Geneva. From 1950 onwards until his death in
1983, Felix was my fatherʼs closest colleague in the Stanford Physics Department,

Figure P.4. Felix Bloch and Robert Hofstadter sitting atop a peak in California’s rugged Sierra Nevada
mountain range, summer 1953. (Photo taken by Leonard Schiff, and reproduced here by courtesy of Laura
Hofstadter.)
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and the Bloch family and our family were intimate friends. In fact, the Blochs were
so close to us that they were practically family. We spent oodles of time at each
otherʼs houses, and each family had a huge influence on the other one. Just as one
tiny example, the Blochs introduced us to skiing in 1956 at the Sugar Bowl resort in
the Sierras, and after that, we often skied together. That was a lifelong gift. I gained
a taste for what the earliest days of quantum mechanics had been like by being
around Felix Bloch for over three decades, and it affected me profoundly. When he
died, a part of me died. I deeply missed Felix then, and even today I still do. Aside
from being a genius in physics, he was artistic, musical, athletic, funny, Jewish
(though not observant), from the Old World, cosmopolitan, political, opinionated,
sophisticated, stubborn, principled, wise, and always exceedingly generous to me.
From as early as I can remember, Felix clearly respected me and liked my ideas.
Being held in esteem by such a great mind was a wonderful thing for me. Thinking of
Felix as dead was very hard for me. But if the loss of Felix Bloch hit me hard, the
blow to my parents was even stronger, alas. But let me get back to my story.

Actually, before I do that, let me insert right here a very short poetic interlude
(generously assuming that what follows merits the label “poetry”). For a brief period
while I was a grad student in Eugene, I got sucked into a personal limerick-penning
binge, and I penned (with my pen) quite a few limericks about fellow grad students as
well as a few about various physics professors. Some of these alluded to technical ideas,
which made them fun for the in-crowd but a bit opaque for the out-crowd. Among
these latter were one that I wrote about Felix Bloch and a related one about Gregory
Wannier. With out-crowd apologies and -out further ado, I present those two poems
here (and I advise readers in advance that “Wannier” is pronounced “wan-yay”):

A physics-freak who was called Felix
Thought crystals were swell psychedēlics.
It boggled his mind
When he happened to find
That a Bloch-state repeats (mod a helix)!

A physi-Swisst known as Wannier
Left old Basel for new USA.
In solids, with lots
Of—not waves—but dots,
He transformed Bloch-functions away!

So much for my student-day limericks. And now, at last, back to the main story…
The nature of the energy values of Bloch electrons in a magnetic field was a very

fundamental quantum-mechanical question first posed in the late 1920s or early
1930s, and yet, even 40 or 50 years later, no one understood the spectra of such
electrons at all well, even in the most idealized and simplified of crystal lattices.
There was a conflict between the continuum of possible energies represented by a
Bloch band (that is, the set of allowed energy levels of an electron in a crystal with no
magnetic field), and the discrete ladder of evenly spaced Landau levels (that is, the set
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of allowed energy levels of an electron in a magnetic field in empty space). How did
nature resolve this sharp conflict between the continuous and the discrete? No one
was very clear on this, although it was known that when a magnetic field was
applied, a Bloch band would somehow split up into vaguely Landau-level-like
subbands.

But by far the strangest thing that Wannier said to me on that fateful day, when
he was describing this important and profound problem, was that there was
apparently a deep and fundamental difference between two kinds of situations: (1)
when the magnetic field (as measured in the natural, dimensionless units of how
many flux quanta passed through a unit cell of the crystal) was rational, and (2) when
the magnetic field was irrational. People at that time believed that these two kinds of
situations gave rise to entirely different kinds of wave functions and energy spectra.
This odd belief, which was held by virtually all the people who were doing research
on this problem, sounded like absolute nonsense to me, since nothing in this world
can possibly depend on whether the value of a physical quantity is rational or
irrational. (Do you prefer rooms with rational temperatures, or irrational ones?
Traveling at rational speeds, or irrational ones? I can hear you smiling! After all, no
physical quantity possesses a well-defined infinite decimal expansion!)

The very idea of such a rational/irrational distinction in physics made no sense at
all to me, and yet it was the reigning dogma of experts all around the world at that
time (with one notable exception—the Russian physicist Mark Azbel’, who had
written a paper proposing a different view, which I eventually read and which was
deeply inspirational to me). So when I heard these strange words of Gregoryʼs, my
ears perked up, and I said to myself, “Maybe, just maybe, though who knows how,
my old number-theoretical interest in rationals and irrationals, which I left behind
long years ago, could somehow turn out to be relevant to this enticing mystery in the
field of solid-state physics.” Thus was I lured to this venerable paradox-grazing
problem in the theory of the solid state, and I decided to take the risky plunge of
becoming a graduate student of Gregoryʼs.

When, in the fall of 1974, he and I traveled to the University of Regensburg, an
hourʼs train ride north of Munich, to spend six months there exploring this problem, I
found myself in a cozy little research group consisting of three professors—Gregory
Wannier, Gustav Obermair (our host), and Alexander Rauh—and myself (a humble
grad student). A nostalgic photo of us all is shown in figure P.5. Our little research
group would meet a few times a week in the office of one of the professors, and the
three of them would eagerly toss back and forth all sorts of fancy mathematical
techniques for trying to wring subtle secrets out of Harperʼs equation (the equation
governing this mysterious spectrum). They were all past masters at such things as real
analysis, differential equations, group theory, linear algebra, and even Bessel
functions and hypergeometric functions, and they knew dozens of mathematical
tricks that were way, way above my head. I could wave no such magic wand, and so
in those high-falutin’ discussion sessions, I would just sit there, silent and confused. I
felt like a tiny child amidst brilliant adults, and was very disheartened.

One fine day, however, I noticed a cute little Hewlett-Packard desktop computer
(very lowly compared to the mainframes of those days) sitting on a rollable cart in
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the hallway just outside my office (figure P.6), and I timidly asked Gustav if anyone
was using it. Of course no one was, since back then, few self-respecting theoretical
physicists ever looked at concrete numbers. Theorists looked at equations, manip-
ulating them formally and proving abstract theorems about them. I was far less
sophisticated and far more down-to-earth than the trio of professors towering over
me—but at least I knew how to program this little machine (an H-P 9820A, just for
the record).

This actually was a most fortuitous and crucial coincidence—an amazingly lucky
break in my life. Five years earlier, when my Dad had been invited to the Aspen
Center for Physics for a couple of weeks and I had tagged along just for the fun of it
(in large part to be surrounded by the beautiful Rocky Mountain scenery), I ran
across an H-P machine nearly identical to the one I would encounter years later in
Regensburg, and I found it wonderfully easy to program. For a few days that
summer, I took great delight in playing around with that machine in the Aspen
Center, using its plotter to graph some simple Fourier series and other functions that
I was curious about. That joyful period of computer-aided math-play in Aspen,
1969, was the sole reason that the little machine sitting idle in the Regensburg
hallway, 1974, tempted me. Had I not played around with a cousin computer five
years earlier in Aspen, I would never have been tempted by the one sitting idle in the
hallway in Regensburg. And had it not been sitting there, or had it not been
available to me, my lifeʼs entire subsequent course would have been radically
different (and I cringe whenever I think about how it might have gone).

And so, having no other way to attack this problem, I decided to try doing the
only thing I knew for sure how to do: to numerically calculate the specific spectrum

Figure P.5. The “Regensburg group” (left to right): Douglas Hofstadter, Alexander Rauh, Gustav Obermair,
and Gregory Wannier, in the Lehrstuhl Obermair, Fachbereich Physik, Universität Regensburg, 1974.
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of quantum-mechanically allowed electron energy-values for several rational values
of the magnetic field. I rolled the little machine into my office and took it over
completely. From my seniors in the Regensburg group, I knew that calculating the
spectrum for a rational value p/q amounted to locating the zones in which a wildly
oscillating qth-degree polynomial passed through a thin horizontal strip centered on
the x-axis, x being energy. I called these zones of the x-axis the “fat roots” of the
polynomial, since each one of them was centered on a root, but was a small x-axis
interval rather than a single point. These “fat roots”were none other than the Landau-
like subbands belonging to the magnetic-field value p/q. Eventually I figured out how
to coax the little machine to give me, for any specific (rational) magnetic-field value,
the endpoints of the various allowed energy subbands for the crystal electrons.

For each rational magnetic-field value that the machine tackled, I plotted its
energy subbands in my little notebook, using colored felt-tip pens. (This machine,
unlike the one in Aspen 1969, had no attached plotter.) After a couple of weeks of
calculations, I (or rather, my mechanical friend, which Gustav Obermair jovially
dubbed “Rumpelstilzchen”, since, like the odd little goblin in the Grimm Brothers’
famous fairy tale, it wove “gold” overnight) had calculated the spectrum for perhaps
15 or 20 rational magnetic-field values, and I had hand-plotted perhaps 50 or 100
colored horizontal line segments (energy subbands) in my little notebook, which
together filled out a vaguely butterfly-like shape (see figure P.7).

One day in November of 1974, quite out of the blue, I suddenly had an eerie déjà
vu experience. I recognized a familiar and magical pattern starting to emerge: a
delicate, lacelike filigree (or “faint fantastic tracery”, as American music critic James
Huneker once poetically described Frédéric Chopinʼs ethereally wispy étude Opus
25, No. 2), and to my eye it seemed that this “faint fantastic tracery”, if it could be
fully realized, would be made of nothing but many—infinitely many—smaller,

Figure P.6. Rumpelzstilzchen, the fifth member of the Regensburg group. Copyright David G Hicks
http://www/hpmuseum.org/hp9820.htm.
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distorted copies of itself. At first I was amazed by this idea, but soon I realized that
for such an endlessly nested pattern to crop up in this context made perfect sense.

After all, in my long-gone days of intoxicated number-theoretical exploration,
back in the early 1960s at Stanford, I had similarly hand-plotted a different, and
much simpler, infinitely nested “faint fantastic tracery”, and had come to understand
it intimately. Passionate exploration of that graph over months had given me a deep
understanding of the conflict between rationality and irrationality as well as of its
resolution, and my new thesis problem in physics was all about that exact same
conflict and resolution, only in a wildly different setting—a solid-state physics
setting, of all things! My old graph of INT(x) enjoyed the subtle property of having
smaller curved copies of itself located between the “very rational” points , , ,1

2
1
3

1
4

1
5
,

etc, on the x-axis—and in those early years I had explored and figured out just how
the littler copies, and their varying amounts of distortion, came straight out of the
rationality/irrationality fight. Likewise, in my new and still very coarse-grained plot—
the mysterious eigenvalue spectrum of Harperʼs equation as seen through a very
blurry lens—I now saw shrunken, distorted copies of the whole graph starting to shyly
poke their noses out between the “very rational” magnetic-field values of , , ,1

2
1
3

1
4

1
5
,

etc—and as you approached the limiting x-value of 0, these copies grew smaller and

Figure P.7. The diagram above shows roughly how Gplot, as calculated by Rumpelstilzchen and hand-plotted
by me in Regensburg, Germany, looked in its earliest incarnation, in November of 1974. This is unfortunately
not the original plot itself, since the notebook in which I drew it has been lost, to my great chagrin. This is just
my attempt to reconstruct how it looked. Most likely, the earliest version of Gplot was considerably sparser
than this—and yet I still somehow “sniffed” its recursivity, since I knew my deeply recursive function INT,
from twelve or so years earlier, like the back of my hand.
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smaller, and also less and less distorted, all exactly as had been the case with my old
friend INT. This déjà vu feeling was mind-blowing to me.

Should I have been surprised, or not? Well, I had originally been drawn to the
Bloch-electron-in-magnetic-field problem precisely when Gregory Wannier had first
spoken of a mysterious kind of rationality/irrationality fight that nobody understood
well, and now I was finding that essentially the same phenomena were cropping up
in this new graph as had cropped up some twelve years earlier with my INT
function, whose nested filigree resulted from a very similar rationality/irrationality
fight. So maybe I shouldn’t have been all that surprised. But surprised I certainly
was, and my overwhelming feeling was that, through an amazing stroke of luck, I
happened to be exactly the right person in the right place at the right time! In any
case, I knew for sure that I had stumbled upon a deep analogical connection between
my old INT graph and the new graph I was just beginning to unveil. I lightheartedly
dubbed this emerging graph “Gplot”, the “G” standing for either “God” or “gold”,
whichever way one preferred to think of it.

Where Gregory Wannier, Gustav Obermair, and Alexander Rauh had been
systematically attacking the huge granitic boulder of Harperʼs equation with a
powerful kit of refined mathematical tools but just breaking off smallish chips from
it, I, a newcomer with only a blunt computational “axe”, had somehow managed to
split the boulder wide open and had found, to my amazement, that it was an
exquisite geode, with a magically beautiful recursive structure hidden inside its very
hard shell.

And yet… when one day, later in that month, I told Gregory Wannier about my
findings, he didn’t believe a word of what I was saying. Even when he was looking
straight at the hand-done plot in my notebook, he had nothing but words of disdain
for my empirical claim (which I was basing solely on my eyeballing of this butterfly-
like shape) that the graph consisted of infinitely many tiny copies of itself, nested
down infinitely many levels. He sadly shook his head and bewilderedly said to me,
“This isn’t physics! You’re merely doing numerology!”Now that, coming completely
out of the blue, was a real slap in the face, since to any self-respecting scientist,
numerology is synonymous with pseudoscience, and that, in turn, is synonymous
with sheer nonsense. To put it a bit more bluntly, numerology is to number theory as
astrology is to astronomy. And so, in Gregoryʼs eyes, I was a practitioner of
astrologyʼs closest mathematical cousin? Whew!

I couldn’t believe Gregory had said what he had said, but he wasn’t yet done.
“I’m sorry to say that you won’t ever be able to get a PhD thesis for your work on
this problem, Doug. I guess if you want a PhD, you’ll have to settle for writing a
library thesis.” I didn’t know what he meant by this worrisome term, so I asked him,
and he said, “It means summarizing other peopleʼs research on the problem in a
thorough and scholarly manner—and then, at the end, if you really insist, you can
put your idiosyncratic numerological speculations in an appendix.”

As you might expect, I was pretty shocked by Gregoryʼs harsh words, but luckily,
I was neither dissuaded nor deeply wounded by them, because I knew in my bones
that what Rumpelstilzchen and I had empirically discovered together was correct,
and so I simply persevered, though now in private. The point is, many years earlier, I
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had had long personal experience with an analogous but much simpler structure (my
graph INT), whereas Gregory had never had any experience with such structures,
and so, even when peering straight at such a visual pattern, he was unable to
recognize its hidden recursive essence, whereas to me, its essence was blindingly
clear. (Incidentally, I still feel enormously grateful to Gustav Obermair and
Alexander Rauh, for they at least remained agnostic about my unorthodox
“numerological” claims, rather than opposing them or heaping scorn on them.)

To be quite honest, it makes me feel a bit sad and even somewhat guilty to tell this
story, as it paints my good oldDoktorvater in an unfavorable light, but this is exactly
what happened that day in Regensburg, and I think itʼs important to tell it just as it
was, for it reveals a lot about how profoundly science depends on nonverbal
intuitions, mostly aesthetically based ones. Sometimes such gut-level feelings guide
you beautifully down just the right track, and thatʼs great, but other times (as in
Gregoryʼs case this time) they throw you way off.

We are all riddled through and through with unconscious preconceptions that
determine our reactions to things we have never seen before; indeed, progress in
science depends intimately on oneʼs being powerfully guided, in the face of
unfamiliar phenomena, by such unspoken biases. Whether inside or outside of
science, it is important for all of us to believe in and trust our inner voices, but itʼs
always a risk, and sometimes those voices, much though we trust them, will wind up
misleading us.

In any case, let me make it clear that both before and after this troubling
conversation, I greatly admired and was very fond of Gregory. He was a marvel-
ously insightful physicist (after he died, I wrote an article praising him to the skies,
called “A Nose for Depth”), and he was often very kind to me personally. During
my seven years in Eugene, Gregory and his wife Carol invited me over for dinner at
their chalet-like house many a time, and I always enjoyed those homey evenings with
them immensely. I wouldn’t want anyone to conclude from my tale that Gregory
was cruel; he wasn’t at all. He could be quite insensitive (as he was that day), but
then so can we all. What I think was going on, that day, was that Gregory simply
was convinced that young Hofstadter, being but a greenhorn in solid-state physics,
had very naïve ideas that were way off the mark, and so the old hand was just trying
to be as frank as he could with the greenhorn, in order to spare the latter
considerable pain further down the line. It just happened, though, that this time
the old hand was grievously in error, as he later came to see.

But back to my story… In early 1975, as my stay in Regensburg was winding up, I
was preparing to make a brief trip by train to far-off Warsaw, Poland, as I had been
invited there a few months earlier by Marek Demiański, a very friendly young
physicist whom I had met once or twice in America. Marek had invited me purely
out of friendship, thinking I might like to see Warsaw, but in his letter of invitation
(a real letter—no email back then!), he also asked if I might want to give a talk about
my doctoral research (of which he knew nothing) to an audience at the University of
Warsawʼs Instytut Fiszyki Teoretycznej, where he worked. Well, I accepted his
invitation but with considerable trepidation, for never before had I given a
departmental colloquium anywhere on any subject at all.
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My trip to Poland was absolutely unforgettable, for not only was Poland the
birthplace of both of my fatherʼs parents, but it was also the homeland of Frédéric
Chopin, who, ever since childhood, had been my greatest hero. I was deeply excited,
for both these reasons, to be going there. My first two days were spent in Kraków,
with elderly relatives whom I had never met before, and one evening, when they
went out and left me alone in their apartment for a couple of hours, I sat down at
their small piano and played my heart out, doing my best with many Chopin pieces I
loved. My relatives also told me (in Yiddish) harrowing tales of how they had
survived the raging antisemitism in Poland during World War II. That was
incredible. Then I took the train to Warsaw, where Marek met me, and in the
next few days he took me to a Chopin concert in Warsaw as well as to Chopinʼs
birthplace out in the country. Altogether I had a wonderful time with Marek.

But looming up ahead, and frighteningly soon, was my talk at his Instytut. It was
scheduled as part of the Instytutʼs “Konwersatorium”—a series of talks given
exclusively in English, even when given by Poles solely to Poles, just to make them
practice. In my case, of course, I was not worried about whether my English would
be up to par; my worry was whether they were going to scoff at the ideas I would tell
them, perhaps making me doubt my own beliefs. After all, I still had only a crude
hand-drawn graph of my crazy spectrum, and no proof whatsoever of my
“numerological speculations” about the graphʼs infinite nesting inside itself. I was
very fearful that I might be heading straight into the lions’ den and might be eaten
alive. However, when the fateful day rolled around, the audience of my first-ever
physics colloquium was not only interested but even enthusiastic, and in the long
series of questions afterwards, I didn’t detect the slightest trace of skepticism. What a
relief! That Polish audienceʼs warm reception was a fantastic mitzvah for me (or
piece of good luck, as they say in English), and it boosted my self-confidence
considerably.

A couple of weeks later, Gregory Wannier and I returned to Eugene, Oregon, and
I had no more Rumpelstilzchen to help me out. This was a major setback. One day,
however, as I was ambling through the corridors of the Physics Department, I
chanced to espy a familiar “face”—namely, that of a Hewlett-Packard 9820A
desktop computer, sitting on a counter in the laboratory of Russell Donnelly, a well-
known experimental low-temperature physicist. What a godsend! Moreover, this
Oregonian cousin of Regensburgʼs Rumpelstilzchen had a plotter attached to it, just
like the one in Aspen had had, back in 1969. Wow! This was very promising! I
excitedly asked Russ if I could use his labʼs computer for a while, and he was very
happy to let me do so. And so, only a few days later, Rumpelstiltskin (as I dubbed
my new friend) started slaving away for me, day and night—and for three whole
weeks it wove its mathematical gold, plotting out all by itself, in beautiful colors, the
band-structures, according to Harperʼs equation, belonging to about 200 different
rational values of the magnetic field. What it finally came out with is exhibited in
figure P.8. I was sure that this time around, thanks to the far larger number of bands
and the far more precise plotting, the recursive, self-similar pattern formed by these
many line-segments would be unmistakable, even to the most naïve, most untrained,
pair of eyes.
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Of course I was hoping that when I showed my new computer plot to Gregory,
the fog would start to lift. However, Gregory was a pretty tough customer, or at
least very set in his ways, and to my disappointment, he still didn’t catch on. It took
a few painful weeks for him to see the light. It turned out that in order to fully
convince him, I had to ask the obedient 9820A to “undistort” a couple of very tiny
regions of Gplot, and when it plotted these regions in an “undistorted” and greatly
magnified way, it was glaringly obvious that they were copies of the entire graph
(even though they were far less detailed than the full plot). At that point, the scales at
last truly fell from Gregoryʼs eyes, and he soon came to revere the idea of infinite
nesting that I had described in Regensburg and that he, at that time, had mercilessly
slammed as “mere numerology”.

From being my highly acerbic critic, Gregory soon metamorphosed into my most
stalwart champion! That was quite a change, although for several years, he never
acknowledged his harsh words of criticism, nor the rough way he had treated me for
nearly a year. I truly thought that he had totally forgotten that he had ever opposed
my ideas at all. However, in the summer of 1979, quite out of the blue, I received a
very gentle and humble letter from Gregory in which he all but apologized for his
earlier behavior, and thanked me for having been so patient with him during that
rough period. I was deeply touched by this note, and it remains my strongest
memory of his character. Just as my Dad had originally told me, Gregory was “a bit
of an odd duck, but an excellent physicist and a friendly, gentle person.”

Figure P.8. Gplot, as calculated by Rumpelstiltskin in Eugene, Oregon during the late spring of 1975. Energy
is plotted on the x-axis, and magnetic field (in flux quanta per lattice cell) on the y-axis.
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My experimental exploration of Harperʼs equation, modeled on my teen-age
computer experimentations in number theory, had revealed what no amount of
deductive theoretical mathematizing had done in that whole sub-area of solid-state
theory, over the course of several decades, with the key exception of the work by
Mark Ya. Azbel’, which was far ahead of its time but which virtually no one
understood. The Gordian knot had been cut by someone who, to his own great
frustration, didn’t have the talent to throw fancy high-powered transforms at the
equation, but who instead merely instructed a computer to calculate its eigenvalues
numerically, and who then looked at the visual pattern that they formed—looking
with a trained eye, to be sure—an eye that many years earlier, in a totally different
field of exploration (number theory, a branch of pure mathematics!), had become
deeply sensitized to a certain type of self-similar recursive pattern, a pattern made up
of infinitely many distorted copies of itself.

You can see why this might at first have agitated, even offended, a greatly
talented Old World theoretical physicist who had always done things in the old-
fashioned way, who had never used computers, and who probably didn’t even trust
them. It was almost as if I was an impudent Wild West upstart—a cocky computer
cowboy!—with no respect for the older generation. This wasn’t true at all (I had
great reverence for all the figures who founded quantum mechanics, for instance, not
to mention Felix Bloch and of course my Dad!), but it may have seemed that way to
Gregory. Eventually, however, he realized that, though he could run circles around
me in physics, I had simply seen some things that had eluded him.

One of the most beautiful discoveries coming out of the nested nature of Gplot
was the revelation that for any irrational value of the magnetic flux, the spectrum
consisted not of bands, but of infinitely many isolated points forming an intricate
pattern called a “Cantor set” — a quite wild kind of topological beast invented by
the great German mathematician Georg Cantor in the late nineteenth century. This
idea was truly stunning, and yet it was practically handed to me on a silver platter,
once I had clearly understood Gplot’s recursive structure. Making this connection
was a very special moment in my life.

In addition, my newly gained insights into Gplot soon enabled me to undercut the
previously accepted wisdom (or lack of wisdom) that, in this physical problem, there
was a fundamental distinction between supposedly “rational” and supposedly
“irrational” magnetic fields. True, there was a natural way to calculate the spectrum
for any rational value p/q, using a qth-degree polynomial, whereas calculating the
spectrum for an irrational value was trickier, but the key point was that the actual
spectra, as you slid smoothly along the real axis of magnetic-field values, changed
perfectly continuously, whether you were at a rational or an irrational value, and
indeed, in my thesis, I was able to prove this fact (one of the few facts about the
Harperʼs-equation spectrum that I actually was able to establish in the “normal”—
i.e. deductive—mathematical fashion).

Another way of putting this is that if you “smear” the graph, by jiggling it up and
down a tiny bit (here I’m thinking of the magnetic-field strength as being on the
y-axis), so that the energy bands belonging to extremely close magnetic fields are
superimposed, then the “smeared graph” that results is an ordinary spectrum
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without any trace of infinite nesting or “fractality”. No matter how little you jiggle
the graph, the distinction between “rational” and “irrational” fields goes entirely
away, as indeed it must, if we’re talking about the real physical world. In preparing
my thesis, I actually constructed two smeared graphs with different amounts of
jiggling, painstakingly tracing them out completely by hand while sitting at my desk
for many hours. Although they are both a bit spooky-looking, especially the one
involving less jiggling (see figure P.9), they no longer look like “faint fantastic
traceries” or infinitely delicate lacelike filigrees.

When I finally handed in my thesis, in December of 1975, it included, of course, a
very high-quality reproduction of Gplot, which folded out in a lovely way. This
foldout was inserted right after the last page of text of the book, almost as if it were
an appendix. And it happened, perhaps by coincidence, or perhaps not, to be page
137 of my thesis. (For those readers who don’t know the meaning to physicists of the
hallowed number 137, suffice it to say that it is the reciprocal of the fine-structure
constant, a key number in quantum electrodynamics, and why that dimensionless

Figure P.9. Two “smeared” versions of Gplot, resulting from less jiggling (top) and more jiggling (bottom).
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number has that strange value has been a beckoning mystery to physicists for 80
years or more. It turns out that it is not actually precisely the integer 137, but more
like 137.02, although for a long time many people wondered if this wasn’t a mystical
property of the integer 137, which also happens to be a prime number. If the reciprocal
of the fine-structure constant had actually turned out to be exactly an integer, that
would indeed have been a most astounding fact.) And so, in the end, by making Gplot
be page 137 of my thesis, I didwind up making a mischievous numerological gesture—
and as I look back on the whole crazy story, I can’t help smiling.

My doctoral defense took place in December of 1975 in Eugene, and although I
was somewhat nervous, since I did not consider myself by any means a true solid-
state physicist, I did just fine, and it was a huge relief to know that I was finally
completely over the long, tortuous roller-coaster ride of my graduate career. Shortly
before my defense, I’d had my thesis professionally printed up and bound in the
classic manner, making about 25 copies of it altogether, half of them with green
bindings (for the University of Oregon), and half of them with red bindings (for
Stanford). The first copy went, of course, to Gregory Wannier, and then I gave
copies to my other committee members, and to Russ Donnelly (Rumpelstiltskinʼs
guardian), and to a few very dear grad-school cronies (including, of course,
Francisco Claro in far-away Chile). Copies were also sent to the two other members
of the Regensburg group, needless to say, and I gave one to my Dad, whose deep
belief in the beauty of physics and whose moral support during these grueling
years had meant everything to me. Indeed, the closing sentence of the
“Acknowledgments” section in my thesis reads as follows:

Finally, I would like to say that my eternal faith in the beauty and simplicity of
nature comes straight from my father, Robert Hofstadter, and has here acted
and will always act as the main guiding principle in my view of the universe.

And of course, one very special copy was reserved for Felix Bloch. I’ll never forget
the day I went to Felixʼs office in the Stanford Physics Department and handed it to
him, and then, at his request, signed it. This was a very meaningful, tangible bond
between our two families, which had so long been linked in friendship, and which now
were linked in a new way by this creation of mine that owed so much to Felixʼs own
doctoral thesis, way back in 1928, about the application of quantum mechanics to
solids, in which what soon came to be known as Bloch waves, Bloch electrons, and
Bloch bands were first introduced to the world. What a symbolic event for me!

Gplot was an incredible gift to me. Not only did it graciously grant me a PhD,
which I had so feared I would never get, and which became the precious visa
allowing me, a few years later, to enter the privileged land of academia, but it also
looped the loop for me, allowing me to come full circle and get a doctorate in
number theory (although it was disguised as a doctorate in solid-state physics). Such
an ironic turn of events was the furthest possible thing from my imagination when,
eight years earlier, I had desperately bailed out of math grad school in Berkeley!

Once my little Gplot, born as a hand-drawn figure in Regensburg in the fall of
1974, had made an appearance in the pages of Physical Review in the fall of 1976, in
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the only physics article I ever wrote, it slowly became known, and after a few years it
was known far and wide. Eventually, people started calling it “the Hofstadter
butterfly” (though I myself still call it just “Gplot”).

In 1980, a few years after I had left physics, Gregory wrote me a letter politely
asking me if I would send him a bunch of copies of my Physical Review article,
explaining that I, having changed fields, presumably didn’t need them any more. Then
he added, “For me, on the other hand, the article is like one of my own.”Wow—now
that was going a bit far. Still, I couldn’t help but feel touched by this unwitting
revelation of how deeply and totally Gregory had turned around since the days of our
intense clash. I wound up sending him about half the copies I had.

Today, hundreds of papers have been written about the butterfly, most of which I
don’t understand at all. Over these past 40 years, Gplot has been extensively
generalized and connected to phenomena in many other areas of physics—
connections that I could never have imagined, not even in my wildest dreams! Let
me just mention the quantum Hall effect, the renormalization group, topological
insulators, Apollonian gaskets, Berry phases, Chern numbers, cold-atom lattices,
noncommutative geometry, Bose–Einstein condensates, Majorana fermions, and
last but not least, “anyons” (of both abelian and nonabelian varieties, of course!),
which are strange quasiparticles that live only in two-dimensional worlds and are
somehow poised somewhere in between being bosons and being fermions. My head
spins when I read about these kinds of surrealistically abstract notions linked to my
little Gplot; to my great dismay and considerable embarrassment, many of them lie
quite a long way above my abstraction ceiling (although, thank God, not above my
absurdity ceiling!).

Aside from all this theoretical work connecting Gplot to other physical phenom-
ena, just a couple of years ago some of the key properties of the energy spectrum of
Bloch electrons in magnetic fields, which I’d speculated about in my doctoral thesis
way back in 1975, were finally experimentally verified in the no-nonsense physical
world. This remarkable experimental work relied on the creation of artificial lattices
with extremely large unit cells, so that the amount of magnetic flux passing through
them (as measured in flux quanta) was non-negligible. (Back when I wrote my thesis,
the amounts of magnetic flux that could be made to pass through a crystalʼs unit cell,
even with the most intense magnetic fields, was extremely tiny, so it was a major
breakthrough when clever ways were devised of making “artificial” lattices that had
much bigger unit cells.)

In January of 2015, at the Kavli Institute for Theoretical Physics in Santa
Barbara, California, I had the honor of giving back-to-back talks about the butterfly
with Philip Kim, one of the pioneers of the superlattice techniques that had allowed
the butterfly to be glimpsed experimentally. My talk was mostly just reminiscences
about how I’d discovered Gplot some 40 years earlier, and I felt a bit out of my
depth during Kimʼs talk, but I nonetheless basked in the glory of having come across
Gplot when I was young.

Two months later (on March 3rd, to be precise), I was very surprised to receive, out
of the blue, the following remarkable and very friendly email from someone of whom
I had never heard, in the Physics Department at GeorgeMasonUniversity in Virginia:
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Dear Professor Hofstadter,

I am writing a short book (Physics Today level), to be published in the “IOP
Concise Physics” collection, titled “Butterfly in the Quantum World, Story of a
Most Fascinating Quantum Fractal”. I will be extremely grateful if you could
comment/critique on the nearly complete draft (low resolution version) that I am
attaching with the email. Of course any suggestions from your side will be
extremely useful. It will be nice if you could write a few words reminiscing your
thoughts when you first saw the butterfly, and how much the recursions of the
Gplot influenced your future work or anything else about the graph that you may
wish to say or share.

I thank you in advance for your consideration and look forward to hearing from
you.

Sincerely
indu

P.S just a little note that the attached draft is a working draft and I am planning
to finalize it within a week or so. However, it always takes longer than you
expect, even when you take into account Hofstadterʼs Law.

I was quite amazed and thrilled to find out that someone was writing—indeed,
had already written!—a whole book about my little Gplot, once just a hand-drawn
diagram in a little notebook of mine. As an attachment, Professor Satija had
included the latest draft of her book, and when I looked through it, I saw that she
had spelled out many stunning links between Gplot and other phenomena, both in
math and in physics, and had done so in an infectiously lively manner. I was flattered
that she had asked me to contribute some personal reminiscences to this charming
book, and so I replied to her with great enthusiasm. By coincidence, I was scheduled
to give a talk in Maryland the next month, and I suggested that I could kill two birds
with one stone by visiting George Mason as well. Indu Satija was gung-ho about this
idea, and so it wasn’t long before we met in person at George Mason University, and
I had the distinct pleasure of giving her one of the very few copies I still had of my
PhD thesis—a green-bound one, as I recall. A couple of hours later, I gave more or
less the same talk of reminiscences to her department as I had given in Santa
Barbara a few months earlier.

Indu realized that her book, like any book, was going to need some copy-editing,
and during my visit to George Mason, I volunteered to do that for her, partly
because I am a very perfectionistic writer and have lots of experience in writing for
the wide public, and partly because I have a great deal of background in the subject
matter itself (although of course I had not been involved in the physics for forty
years). In the following months, then, I helped polish the prose that Indu had so
painstakingly crafted for her readers. In suggesting changes to her delicate, elaborate
construction, I often felt guilty, so I nicknamed myself “the bull in the china shop”, a
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